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Lecture 2: Working with normal distributions
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Overview

Continuous random variables

Distribution functions

Working with the standard normal distribution N (0, 1)

Working with the normal distributions N (µ, σ2)

Linear combination of normal random variables

Reading: Sections 4.1, 4.2, 4.3
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Continuous random variables
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Continuous random variable

Definition

Let X be a random variable. Suppose that there exists a
nonnegative real-valued function f : R→ [0,∞) such that for any
subset of real numbers A, we have

P(X ∈ A) =

∫
A
f (x)dx

Then X is called absolutely continuous or, for simplicity,
continuous. The function f is called the probability density
function, or simply the density function of X.

Whenever we say that X is continuous, we mean that it is
absolutely continuous and hence satisfies the equation above.
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Properties

Let X be a continuous r.v. with density function f , then

f (x) ≥ 0 for all x ∈ R∫∞
−∞ f (x) dx = 1

For any fixed constant a, b,

P(a ≤ X ≤ b) =

∫ b

a
f (x) dx
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Expectation
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Lotus
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Example

Problem

Let X be a continuous r.v. with density function

f (x) =

{
1
2x if x ∈ [0, 1]

0 otherwise

where c is some unknown constant.

Compute P(X ∈ [0.25, 0.75])

Compute E [X ] and Var(X ).
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Distribution function

Definition

If X is a random variable, then the function F defined on (−∞,∞)
by

F (t) = P(X ≤ t)

is called the distribution function of X .
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Distribution function

For continuous random variable:

F (t) = P(X ≤ t) =

∫
(−∞,t]

f (x)dx

=

∫ t

−∞
f (x)dx
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Distribution function

For continuous random variable:

P(a ≤ X ≤ b) =

∫ b

a
f (x) dx = F (b)− F (a)

Moreover:
f (x) = F ′(x)
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Example

Problem

The distribution function for the duration of a certain soap opera
(in tens of hours) is

F (y) =

{
1− 16

y2 if y ≥ 4

0 elsewhere

Find P[4 ≤ y ≤ 8].
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Normal random variables

Reading: 4.3
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N (µ, σ2)

E (X ) = µ,Var(X ) = σ2
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N (µ, σ2)

E (X ) = µ, Var(X ) = σ2

Density function

f (x , µ, σ) =
1√

2πσ2
e−

(x−µ)2

2σ2
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Standard normal distribution N (0, 1)

If Z is a normal random variable with parameters µ = 0 and
σ = 1, then the pdf of Z is

f (z) =
1√
2π

e−
z2

2

and Z is called the standard normal distribution

E (Z ) = 0, Var(Z ) = 1
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Φ(z)

Φ(z) = P(Z ≤ z) =

∫ z

−∞
f (y) dy
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Φ(z)
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Exercise 1

Problem

Let Z be a standard normal random variable.
Compute

P[Z ≤ 0.75]

P[Z ≥ 0.82]

P[1 ≤ Z ≤ 1.96]

P[Z ≤ −0.82]

Note: The density function of Z is symmetric around 0.
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Exercise 2

Problem

Let Z be a standard normal random variable. Find a, b such that

P[Z ≤ a] = 0.95

and
P[−b ≤ Z ≤ b] = 0.95
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N (µ, σ2)

E (X ) = µ, Var(X ) = σ2

Density function

f (x , µ, σ) =
1√

2πσ2
e−

(x−µ)2

2σ2
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Shifting and scaling normal random variables

Problem

Let X be a normal random variable with mean µ and standard
deviation σ.
Then

Z =
X − µ
σ

follows the standard normal distribution.
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Shifting and scaling normal random variables
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Exercise 3

Problem

Let X be a N (3, 9) random variable. Compute P[X ≤ 5.25].
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Linear combination of normal random variables

Theorem

Let X1,X2, . . . ,Xn be independent normal random variables (with
possibly different means and/or variances). Then

T = a1X1 + a2X2 + . . .+ anXn

also follows the normal distribution.
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Linear combination of normal random variables

Theorem

Let X1,X2, . . . ,Xn be independent normal random variables (with
possibly different means and/or variances). Then

T = a1X1 + a2X2 + . . .+ anXn

also follows the normal distribution.

What are the mean and the standard deviation of T?

E (T ) = a1E (X1) + a2E (X2) + . . .+ anE (Xn)

σ2T = a21σ
2
X1

+ a22σ
2
X2

+ . . .+ a2nσ
2
Xn
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Example 1

Problem

Assume that

X1 ∼ N (10, 9) and X2 ∼ N (30, 16)

are independent.

What is the distribution of X1 − X2?
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Example 2

Problem

A concert has three pieces of music to be played before
intermission. The time taken to play each piece has a normal
distribution.
Assume that the three times are independent of each other. The
mean times are 15, 30, and 20 min, respectively, and the standard
deviations are 1, 2, and 1.5 min, respectively.

What is the distribution of the length of the concert?
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