
August 16, 2016 15:40 Journal of Statistical Computation and Simulation Revision

To appear in the Journal of Statistical Computation and Simulation
Vol. 00, No. 00, Month 20XX, 1–26

Convergence of Griddy Gibbs Sampling and other perturbed Markov

chains

(Received 00 Month 20XX; final version received 00 Month 20XX)

The Griddy Gibbs sampling was proposed by Ritter and Tanner (1992) as a computationally
efficient approximation of the well-known Gibbs sampling method. The algorithm is simple
and effective and has been used successfully to address problems in various fields of applied
science. However, the approximate nature of the algorithm has prevented it from being widely
used: the Markov chains generated by the Griddy Gibbs sampling method are not reversible
in general, so the existence and uniqueness of its invariant measure is not guaranteed. Even
when such an invariant measure uniquely exists, there was no estimate of the distance between
it and the probability distribution of interest, hence no means to ensure the validity of the
algorithm as a means to sample from the true distribution.

In this paper, we show, subject to some fairly natural conditions, that the Griddy Gibbs
method has a unique, invariant measure. Moreover, we provide Lp estimates on the distance
between this invariant measure and the corresponding measure obtained from Gibbs sam-
pling. These results provide a theoretical foundation for the use of the Griddy Gibbs sampling
method. We also address a more general result about the sensitivity of invariant measures
under small perturbations on the transition probability. That is, if we replace the transition
probability P of any Monte Carlo Markov chain by another transition probability Q where
Q is close to P , we can still estimate the distance between the two invariant measures. The
distinguishing feature between our approach and previous work on convergence of perturbed
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on function spaces, we don’t need to impose any further conditions on the rate of convergence
of the Markov chain. For example, the results we derived in this paper can address the case
when the considered Monte Carlo Markov chains are not uniformly ergodic.

Keywords: Griddy Gibbs, nonreversible Markov chain, perturbed Markov kernel,
non-uniformly ergodic Markov chain

AMS Subject Classification: 60J20; 65C40; 92B05; 32A70.



August 16, 2016 15:40 Journal of Statistical Computation and Simulation Revision

1. Introduction

The need to generate samples from a probability function or estimate moments of such
a distribution arises in many fields of applied science, including Bayesian statistics, com-
putational physics, computational biology and computer science. A common difficulty in
generating such samples is that the distribution (hereafter denoted by π) may be high-
dimensional and computationally intractable. To resolve this problem, many sampling-
based approaches have been proposed: the basic idea is to construct a Markov chain with
a tractable transition mechanism that has π as its invariant distribution.

One of the most widely applicable methods to construct such a Markov chain is the
method of Gibbs sampling. This algorithm generates an instance from the distribution
of each variable in turn, conditional on the current values of the other variables. This
reduces the sampling problem to a series of one-dimensional problems. The method of
Gibbs sampling is very computationally effective, especially in the case when π is high-
dimensional. Gibbs sampling applies even in the case that the distribution is known only
up to a normalizing constant, which occurs commonly in fitting models to data.

However, the use of the Gibbs sampling method is hindered by several factors. First,
the method requires the one-dimensional conditional densities to be known, or at least
to be easy to sample directly. In most contexts, such knowledge about the conditional
densities is usually not available. Second, in many fields of applied sciences, sampling from
the conditional distributions is computationally expensive, despite the fact that they are
one-dimensional. For instance, in systems biology, evaluating (up to a normalizing factor)
the value of the distribution function π at one point might be equivalent to solving a
high-dimensional system of differential equations. These high computational costs pose a
serious problem in applying the algorithm in practice, which motivates the development
of sampling methods which uses approximation of the full distribution to alleviate this
difficulty.

To address these issues, Ritter and Tanner (1992) proposed in [1] an approximate
method – the Griddy Gibbs method – as an alternative. The Griddy Gibbs sampling
method evaluates the conditional density on a grid and uses piecewise linear or piecewise
constant functions to approximate the cumulative distribution function of the conditional
distributions based on these grid values. The resulting distribution is used to generate
random variables with approximately the right distribution.

This method has been used successfully to address problems in various fields of applied
science: statistical modeling and inference ([2–7]), machine learning ([8]), chemical analy-
sis ([9]), systems biology ([10–12]), medical science([13]), statistical computing and data
analysis([14, 15]), economics([16–18]), ecological modelling([19]), acoustics ([20]), and
time series analysis ([21–23]). However, the approximate nature of the algorithm still
prevents it from being widely used. The approximation by linear or constant functions
leads to theoretical questions about the ergodic properties of the constructed Markov
chains and about the validity of the algorithm as a means to sample from the true
distribution.

Many adjustments to overcome the approximate nature of the algorithm have been
proposed. In [24], a Metropolis chain is embedded in the algorithm to ensure that the
equilibrium distribution is exactly π even on a coarse grid. In [25], a similar strategy is
proposed, in which the Multiple-try Metropolis algorithm is embedded in the sampling
process. In both approaches, the convergence of the algorithms are guaranteed, but the
computational costs increase considerably and the algorithms are more difficult to set up.
Another popular grid-based sampling algorithm is the adaptive rejection sampler (ARS),
which is capable of sampling the distribution efficiently with a low number of grid points
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[38]. However, ARS-type algorithms are designed for log-concave (or near log-concave)
distributions and in general does not work well for general distribution with multiple
modes. In all cases, the approximations are restricted to piecewise linear and piecewise
constant functions.

In this paper, we show, assuming that the approximations to the distribution are
bounded from above and bounded away from zero, that the Griddy Gibbs method has a
unique, invariant measure. Moreover, we provide Lp estimates on the distance between
this invariant measure and the corresponding measure obtained from Gibbs sampling.
Subject to appropriate hypotheses, our main results about Griddy Gibbs are the follow-
ing.

(1) Although the Markov chains generated by the Griddy Gibbs sampler are not re-
versible in general, they admit unique invariant measures.

(2) For 2 ≤ p ≤ ∞, there is an Lp-estimate of the distance between the limit invariant
measure and the correct distribution π, which guarantees the Lp-convergence of the
algorithm.

The first result is obtained using tools from the theory of Markov processes. We then
extend the Markov chain transition operator to Lp-spaces and use techniques from the
theory of functional analysis on Hilbert vector spaces to prove the second result. These
results provide a theoretical foundation for the use of the Griddy Gibbs sampling method
with some guarantees of convergence.

In this paper, we go beyond these results for Griddy Gibbs sampling in two ways. First,
the approximation scheme does not need to be piecewise linear or piecewise constant: any
reasonable approximation scheme can be employed to obtain Griddy Gibbs sampling. In
fact, in the case that the distribution is smooth but the computational cost of determining
the value of the conditional distribution is much greater than the cost for approximation,
high order polynomial interpolations are preferred since they increase the accuracy of the
sampling process and reduce the number of function evaluations.

Second, we generalize our method to give results about the sensitivity of invariant
measures under small perturbations on the transition probability. That is, if we replace
the transition probability P of any Monte Carlo Markov chain by another transition
probability Q where Q is close to P , can we still estimate the distance between the two
invariant measures? Our paper provides a positive answer to this question, given some
mild conditions imposed on Q. The distinguishing feature between our approach and
other work [26–28] on convergence of perturbed Markov chain is that by considering the
invariant measures as fixed points of linear operators on function spaces, we don’t need
to impose any further conditions on the rate of convergence of the Markov chain. For
example, the results we derive in this paper can address the case when the considered
Monte Carlo Markov chains are not uniformly ergodic. The result about the sensitivity
of invariant measures under small perturbations thus guarantees the convergence and
provides a way to assess the efficiency of Griddy Gibbs sampler and other perturbed
Markov chains methods.

The paper is organized as follows. Section 2 provides the mathematical framework used
in the paper, as well as descriptions of the Gibbs and Griddy Gibbs sampling methods.
Section 3 discusses the existence, uniqueness and regularity results for the invariant
measure. We develop in Section 4 results about the sensitivity of invariant measures
under small perturbations on the transition probability for general non-uniformly ergodic
Monte Carlo Markov chains. The estimates are then extended to the case when the
distribution of interest has non-compact support in Section 5. Finally, we provide in
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Section 6 numerical examples to illustrate our theoretical findings and demonstrate the
utility of the Griddy Gibbs sampling method.

2. Mathematical framework

The problem addressed by the Gibbs algorithm is the following (see [29] for reference).
We are given a density function π̂, on a state space with bounded Lebesgue measure
D ⊂ Rd. This density gives rise to an absolutely continuous probability measure π on D,
by

π(A) =

∫
A
π̂(x)dx, ∀A ∈ B

where B denotes the σ-algebra of Borel sets on D. Without loss of generality, we assume
throughout this paper that the the distribution π has finite variance. In other words, the
density function π̂ ∈ L2(D).

In many applications, we want to estimate the expectations of functions φ : D → R
with respect to π, i.e. we want to estimate

π(φ) = Eπ[φ(X)] =

∫
D
φ(x)π̂(x)dx.

If D is high-dimensional, and π̂ is a complicated function, then direct integration (either
analytic or numerical) of these integrals is infeasible.

The classical Monte Carlo solution to this problem is to simulate independent and
identically distributed random variables X1, X2, ..., XN with distribution π and then
estimate π(φ) by

πN (φ) =
1

N

N∑
i=1

φ(Xi). (1)

This gives an unbiased estimate with standard deviation of order O(1/
√
N). However, if

πu is complicated, it is difficult to directly simulate i.i.d. random variables from π. The
Markov chain Monte Carlo (MCMC) approach is introduced instead to construct on D a
Markov chain that is computationally efficient and that has π as a stationary distribution.
That is, we want to define easily-simulated Markov chain transition probabilities P (x, y)
for x, y ∈ D such that ∫

D
π̂(y)P (x, y)dy = π̂(x), for a.e. x ∈ D.

In principle, if we run the Markov chain (started from anywhere) to obtain samples Xn,
then for large n the distribution of Xn will be approximately stationary, and the sequence
{Xn} can be used to estimate π(φ) as in equation (1).

2.1. Gibbs transition

The Gibbs transition is a transition probability on D defined as follows. First, the ith com-
ponent Gibbs transition Pi leaves all components except the ith component unchanged
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and replaces the ith component by a draw from the full distribution π conditional on all
other components:

Pi(x1, . . . , xi, . . . , xd) =
π̂(x1, . . . , xi, . . . , xd)∫∞
−∞ π̂(x1, . . . , t, . . . , xd)dt

,

where t appears in the ith position. The transition probability of the Gibbs sampler is
defined as

P (x, y) = P1(y1, x2, . . . , xd)P2(y1, y2, x3, . . . , xd) · · ·Pd(y1, y2, . . . , yd)

where x = (x1, x2, . . . , xd) and y = (y1, y2, . . . , yd).
Now let {Xn}, n ≥ 0 be a time-homogeneous Markov process generated by the Gibbs

sampling algorithm with transition probability P . We have

P (Xn ∈ A|X0 = a) = Pn(a,A), ∀A ∈ B

where Pn is defined recursively by

P 1 = P, Pn(a, y) =

∫
D
P (x, y)Pn−1(a, x)dx.

We also define the transition operator T on P(D), the space of probability measures on
D, by

Tµ(A) =

∫
D
P (x,A)µ(dx). (2)

This transition operator can also be considered as a linear operator on Lp(D), 1 ≤ p ≤ ∞,
by defining

Tf(y) =

∫
D
P (x, y)f(x)dx

Moreover, the operator Tn obtained by replacing P by Pn in (2) is equal to the operator
obtained by applying T n times, Tn = T ◦ T ◦ ... ◦ T .

2.2. Ergodic properties of the Markov chains generated by the Gibbs
sampling

By standard results about ergodicity of Gibbs sampling method, we know that under
rather general conditions, T admits a unique invariant measure, which is the distribution
π that we want to sample, i.e. Tπ = π. Moreover, the distribution of Xn converges in total
variation norm to π. We state here Theorem 6 from [30] that justifies the convergence of
the Gibbs sampling method:

Theorem 2.1 ([30]) Assume that for each 1 ≤ i ≤ d, the conditional distributions
π(Xi|Xj , j 6= i) have densities, say pi, with respect to some dominating measure ρi.
Suppose further that for each 1 ≤ i ≤ d, there is a set Ai with ρi(Ai) > 0, and a δ > 0
such that for each 1 ≤ i ≤ d
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(1) π(Xi = xi|Xj = xj , j 6= i) > 0 whenever xk ∈ Ak for all k ≤ i and xi+1, ..., xd
arbitrary.

(2) π(Xi = xi|Xj = xj , j 6= i) > δ whenever xk ∈ Ak for all k ≤ d.

Then for π-a.e. x ∈ D, we have supC∈B |Pn(x,C)− π(C)| → 0.

In the rest of the paper, we will assume that the distribution of interest π satisfies
conditions of Theorem 2.1 and has finite variance.

2.3. Griddy Gibbs transition and Griddy Gibbs sampler

In the Griddy Gibbs sampling method, at each point in the sampling space and on each
dimension, we use some approximation scheme to approximate Pi. The ith component
Griddy Gibbs transition leaves all components except the ith component unchanged
and replaces the ith component by a draw from Qi that approximates the conditional
expectation on all other components, i.e.,

Qi(x1, ..., yi, ..., xd) ≈
π̂(x1, ..., yi, ..., xd)∫∞

−∞ π̂(x1, ..., t, ..., xd)dt
. (3)

The Griddy Gibbs sampler is defined in a similar manner as in the definition of Gibbs
sampler: starting with an initial value, we sequentially and randomly update the ith com-
ponent while fixing other components of the variables. However, for each ith component,
instead of the conditional distribution Pi (which is unknown or difficult to compute),
we use the approximation Qi as the guideline for the sampling process. The surrogate
function Qi is obtained by evaluating the conditional density Pi on a grid and uses some
interpolation to approximate Pi based on these grid values. A simple one-dimensional
simple, such as the inverse transform sampler, is then used to sample the ith component
corresponding to Qi.

As with Gibbs sampler, the transition probability and transition operator of the Griddy
Gibbs are defined as

Q(x, y) = Q1(y1, x2, ..., xd)Q2(y1, y2, ..., xd)...Qd(y1, y2, ..., yd) (4)

and

Qn(a, y) =

∫
D
Q(x, y)Qn−1(a, x)dx and Sµ(A) =

∫
D
Q(x,A)µ(dx).

We note that since the approximations on each dimension are different, the Markov chain
{Yn} generated by Griddy Gibbs algorithm is not reversible in general.

Throughout this paper, we will use the notation {Xn}, T, P to describe a Markov
chain generated by Gibbs sampling, its transition operator and its transition probability,
respectively. The corresponding notations for Griddy Gibbs are {Yn}, S, Q. A compar-
ison between the notations used for the Gibbs sampling and Griddy Gibbs sampling is
provided in Figure 1.
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Gibbs: {Xn}
T,P−→ π

Griddy Gibbs: {Yn}
S,Q−→ η

Figure 1. Comparison between Gibbs sampling and Griddy Gibbs sampling: Although the two transition operators

P and Q are close, the Markov chain {Yn} is not reversible in general, so the existence and uniqueness of the
invariant measure η is not guaranteed. Even when η uniquely exists, an estimate of the distance between π and η

is needed to guarantee the validity of the Griddy Gibbs sampling.

3. Existence, uniqueness, and regularity of the invariant measure of a
Monte Carlo Markov chain generated by the Griddy Gibbs sampling

In this section, we will prove that the transition operator S (obtained from the Griddy
Gibbs algorithm as in (3), (4)) admits a unique invariant measure η, assuming that the
approximations Qi are uniformly bounded above and away from zero:

∃M, ε > 0, such that ε ≤ Qi(x) ≤M, ∀1 ≤ i ≤ d, ∀x ∈ D. (5)

We also prove that under this condition, η is absolutely continuous with respect to
Lebesgue measure and admits a bounded density function. We note that condition (5) is
general and does not hinder the application of the Griddy Gibbs sampling method, since
we can always use additional cutoff functions on the approximation scheme to guarantee
the boundedness from above and below of fi, without significantly affecting the accuracy
of the approximation scheme.

The outline of the proof is as follow. By verifying Doeblin’s condition (see Theorem
3.1), we prove the existence and uniqueness of the invariant measure η; moreover, the
distribution of {Yn} (obtained by the Griddy Gibbs algorithm) converges to η in total
variation norm. Using this and Lemma 3.1, we deduce that η is absolutely continuous
with respect to Lebesgue measure. Finally, using Lemma 3.2, we prove that the density
function of η is bounded.

3.1. Existence and uniqueness

To verify the existence and uniqueness of the invariant measure, we use the following
result from [31] on the convergence of transition probabilities. As before, we will denote
by B the σ-algebra of Borel sets on D.

Theorem 3.1 ([31]) Suppose that the Markov chain Zn with transition probability
K(x, ·) satisfies the Doeblin condition:
∃k ∈ N, ε > 0, and a probability measure φ on (D,B) such that

Kk(x,C) ≥ εφ(C), ∀x ∈ D,∀C ∈ B.

Then there exists a unique invariant probability measure ξ such that for all n ∈ N and
all x ∈ D,

sup
C∈B
|Kn(x,C)− ξ(C)| ≤ (1− ε)((n/k)−1).
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Using this result, we can prove that under condition (5), the distribution of the Markov
chain {Yn} generated by the Griddy Gibbs sampling method converges to a stationary
distribution η in total variation norm. This is a direct analog of the convergence given
in Theorem 2.1 above (although we still have to show that η is near π).

Theorem 3.2 (Existence and uniqueness of the invariant measure for S) Assume that
the approximation scheme {fi}di=1 satisfies condition (5). Then there exists a unique
probability measure η that is invariant under S, and this η satisfies

sup
C∈B
|Qn(x,C)− η(C)| → 0

for all x ∈ D. In other words, ∀x ∈ D, Qn(x, ·)→ η(·) in total variation norm.

Proof. We will prove that the transition probability Q constructed in the Griddy Gibbs
sampling algorithm satisfies Doeblin’s condition of Theorem 3.1. Recall that the transi-
tion probability in the Griddy Gibbs algorithm is given by

Q(x,C) =

∫
C
f1(y1, x2, . . . , xd)f2(y1, y2, . . . , xd) · · · fd(y1, y2, . . . , yd) dy1dy2 . . . dyd.

Recall that fi ≥ ε on D from (5). Hence with Vol(C) denoting the Lebesgue measure of
C, we have

Q(x,C) ≥ εdVol(C), ∀x ∈ D,∀C ∈ B.

This is Doeblin’s condition with k = 1, φ is the Lebesgue measure on D, so applying
Theorem 3.1, we have supC∈B |Qn(x,C)− η(C)| → 0. �

3.2. Some supporting lemmas

To establish results about regularity of the invariant measure η of Markov chains gen-
erated by Griddy Gibbs sampling, we need the following two lemmas. The first result is
about the absolute continuity of η, while the second result provides a basic inequality
for the transition operator as a linear operator on Lp space. As we will see in the next
section, the two lemmas allow us to prove that the invariant measure η has bounded
density with respect to the Lebesgue measure.

The proofs are standard, but we sketch them for completeness.

Lemma 3.1 Let µn be a sequence of probability measures on (D,B) that converges in total
variation norm to a measure µ. Assume further that each µn is absolutely continuous with
respect to Lebesgue measure. Then µ is also absolutely continuous w.r.t Lebesgue measure
and admits a non-negative density function.

Proof. Consider any Borel measurable set A with |A| = 0. By the assumption of absolute
continuity, µn(A) = 0, hence µ(A) = limµn(A) = 0. Since A was arbitrary, µ is absolutely
continuous w.r.t. Lebesgue measure. �

Throughout the rest of this section, for any two linear normed space U, V , we will
denote by L(U, V ) the space of al linear operator with the source domain and the target
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domain being U and V , respectively, equipped with the standard operator norm. We
then have the following result.

Lemma 3.2 For 1 ≤ p ≤ ∞, let K(x, y) be a bounded function on D ×D, and let

Vg(y) =

∫
K(x, y)g(x)dx

for g ∈ Lp(D). Then

(a) V: L2(D)→ L2(D) is a compact linear operator. Moreover

‖V‖L(L2(D),L2(D)) = ‖K‖L2(D×D).

(b) V: L1(D) → L1(D) is a bounded linear operator. Moreover, if K(x, y) is a transition
probability function, then

‖V‖L(L1(D),L1(D)) ≤ 1.

(c) V maps L1(D) to L∞(D), and

‖V‖L(L1(D),L∞(D)) ≤ ‖K‖∞.

(d) If g ∈ L2(D) and 2 ≤ p ≤ ∞ then

‖Vg‖p ≤ ‖K‖p max{‖g‖1, ‖g‖2}.

Before proceeding to provide the proof, we note that Lemma 3.2 plays a central role in
the rest of the paper. To be more precise, parts (b) and (c) of the Lemma helps establish
that the invariant measure η has bounded density, while parts (a) and (d) helps provide
the Lp estimates of the sensitivity of the invariant measures of Markov chains under
kernel perturbation (Section 4).

Proof. Part a) of the Lemma is a well-known result about Hilbert-Schmidt integral op-
erators. For reference, cf. [33].

For b) and c), let M = supD×D |K(x, y)| = ‖K‖∞. Then for all y ∈ D we have

|Vg(y)| =
∣∣∣∣∫ K(x, y)g(x)dx

∣∣∣∣ ≤M ∫
|g(x)|dx.

In other words, ‖Vg‖∞ ≤ ‖K‖∞‖g‖1.
Integrating over D gives

‖Vg‖1 ≤ Vol(D)‖Vg‖∞ ≤ Vol(D)‖K‖∞‖g‖1,

which proves b) and c).
Finally, if K is a transition probability, we have∫

|Vg(y)|dy =

∫ ∣∣∣∣∫ K(x, y)g(x)dx

∣∣∣∣ dy ≤ ∫ ∫ K(x, y)dy|g(x)|dx =

∫
|g(x)|dx
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which implies ‖V‖L(L1(D),L1(D)) ≤ 1.

For d), consider the linear operator W defined on L2(D ×D) and on L∞(D ×D) as

Wφ =

∫
D
φ(x, y)g(x)dx

Then from part a) and c), we have W is a bounded linear operator that maps L2(D×D)
to L2(D), and maps L∞(D × D) to L∞(D). Moreover, the following inequalities are
satisfied:

‖Wφ‖L2(D) ≤ ‖g‖L2(D)‖φ‖L2(D×D)

‖W (φ)‖L∞(D) ≤ ‖g‖L1(D)‖φ‖L∞(D×D)

Using Riesz-Thorin interpolation theorem (see [32]), we deduce that W also maps Lp(D×
D) to Lp(D), and

‖Wφ‖Lp(D) ≤ max{‖g‖L2(D), ‖g‖L1(D)}‖φ‖Lp(D×D).

Replace φ by K, noticing that Vg = W (K), we deduce

‖Lg‖p ≤ ‖K‖p max{‖g‖1, ‖g‖2}.

�

3.3. Regularity

These two previous lemmas allow us to prove the following result.

Theorem 3.3 (Regularity of invariant measure) The invariant measure η of S is ab-
solutely continuous w.r.t Lebesgue measure on D. Moreover, there exists η̂ ∈ L∞(D) so
that for each C ∈ B,

η(C) =

∫
C
η̂(x)dx.

Also, η̂ is invariant under S: Sη̂ = η̂.

Proof. The proof of this theorem is straightforward from the previous theorems and
lemma. From Theorem 3.2 and Lemma 3.1, we know that η is absolutely continuous and
admits a density function:

η(dx) = η̂(x)dx

with η̂ ∈ L1(D).
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Now considering S as a bounded linear operator on L1(D), we have∫
A
η̂(x)dx = η(A) = Sη(A) =

∫
D
Q(x,A)η(dx)

=

∫
D

∫
A
Q(x, y)dy η̂(x)dx =

∫
A

(∫
D
Q(x, y)η̂(x)dx

)
dy.

Since A was arbitrary, we deduce that

η̂(x) =

∫
D
Q(x, y)η̂(x)dx

or η̂ = Sη̂. From Lemma 3.2, S maps L1(D) to L∞(D). Hence η̂ = Sη̂ ∈ L∞(D), so η̂ is
a bounded function.

�

Remark 3.1 Since D is a subset with bounded measure of Rd, η̂ also belongs to Lp(D),
for all 1 ≤ p ≤ ∞.

4. Sensitivity and convergence of non-uniformly ergodic Markov chains

Before proceeding to give result about the sensitivity of the invariant measures under
perturbation, we want to make a remark that the assumption of uniformly boundedness
away from 0 of the approximations Qi was introduced only to guarantee the existence
and uniqueness of an absolutely continuous invariant measure η.

As we mentioned before, we can always use additional cutoff functions on the approx-
imation scheme to guarantee the boundedness from below of Qi, without significantly
affecting the accuracy of the approximation scheme. However, as an analysis of conver-
gence of perturbed Monte Carlo Markov chains, condition( 5) is replaced by any condition
that guarantees the existence and uniqueness of the invariant measure η and the ergod-
icity of the Markov chain {Yn}. In a similar manner, the assumptions of Theorem 2.1
can be replaced by the existence and uniqueness of the invariant measure π and the
ergodicity of the Markov chain {Xn}.

In short, we will assume the following conditions in the subsequent analyses

(1) the invariant measures π, η of the Markov chain exists and are unique.
(2) the Markov chains {Xn}, {Yn} are ergodic (not necessarily uniformly ergodic).
(3) the distributions π, η have finite second moments.

The distinguishing feature between our approach and other work [26–28] on conver-
gence of perturbed Markov chain is that by considering the invariant measures as fixed
points of linear operators on function spaces, we don’t need to impose any further con-
ditions on the rate of convergence of the Markov chain. For that reason, the results we
derived in this paper can address the case when the considered Monte Carlo Markov
chains are not uniformly ergodic.

4.1. Continuity of eigenspaces for eigenvalue 1

We recall from the previous part of the paper that the two transition operators T and
S admit unique absolutely continuous invariant measures π and η, respectively. Before
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proceeding to derive estimates of the distance between π̂ and η̂, we provide in this section
two key lemmas to further investigate properties of the transition operators T and S as
operators on L2(D).

In Lemma 4.1, we will prove that the eigenspaces correspond to eigenvalue λ = 1
of T and S are one-dimensional subspaces spanned by π and η, respectively. Lemma
4.2 investigates a special case when it is possible to estimate the distance between the
positive invariant eigenvectors of two close operators.

Lemma 4.1 Using the same notation as in Section 2.3 and consider T, S as operators
on H = L2(D), we have

• {v ∈ H : Tv = v} = 〈π̂〉
• {v ∈ H : Sv = v} = 〈η̂〉,

where 〈π̂〉 denotes the span of π̂.

Proof. Consider any w ∈ H − {0} such that Tw = w. Then∫
|Tw(y)|dy =

∫ ∣∣∣∣∫ P (x, y)w(x)dx

∣∣∣∣ dy ≤ ∫ ∫ P (x, y)dy|w(x)|dx =

∫
|w(x)|dx.

Equality happens only when∣∣∣∣∫ P (x, y)w(x)dx

∣∣∣∣ =

∫
|P (x, y)w(x)|dx

for a.e. y ∈ D.
Since P (x, y) > 0, this happens only if w does not change sign on D. Therefore, if we

define

w∗ =
w

‖w‖L1(D)

then w∗ is the density function of a probability measure on D. Moreover, we also have
Tw∗ = w∗. Since π is the unique invariant measure that is also a fixed point of T , we
deduce that w∗ = π̂. Hence, w ∈ 〈π̂〉. �

Lemma 4.2 Let M and N be Hilbert-Schmidt integral operators on H = L2(D). Assume
further that u, v ∈ H such that

(i) ‖u‖H = ‖v‖H = 1
(ii) {w ∈ H : Mw = w} = 〈u〉

(iii) {w ∈ H : Nw = w} = 〈v〉
(iv) u, v are positive functions.

Then there exists α > 0 that depends only on M such that

‖v − u‖H ≤ C(α)‖M −N‖L(H,H).

Proof. Since H is a Hilbert space, we can write

H = 〈u〉 ⊕K

12
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where K is the orthogonal complement of the linear space spanned by u. For the sake of
convenience, in the rest of the proof, we will denote ‖ · ‖H simply by ‖ · ‖.

First we show that there exists α > 0 such that

‖(M − I)k‖ ≥ α‖k‖ ∀k ∈ K.

By way of contradiction, suppose that ∃αn → 0, ‖kn‖ = 1, kn ∈ K such that ‖Mkn −
kn‖ = αn. Since M is a compact operator on H, by extracting a subsequence, we can
assume that Mkn → k∞ ∈ H. On the other hand, we have ‖Mkn − kn‖ = αn → 0. By
the triangle inequality, we have

‖kn − k∞‖ ≤ ‖kn −Mkn‖+ ‖Mkn − k∞‖ → 0.

We deduce that kn → k∞, and hence that ‖k∞‖ = 1. Since K is closed we have
k∞ ∈ K, and since M is continuous we have Mk∞ = k∞. By (ii), Mu = u has no
nontrivial solution in K, so we deduce that k∞ = 0, which contradicts ‖k∞‖ = 1.

On the other hand, we can uniquely decompose

v = λu+ k (6)

for some λ ∈ R, k ∈ K. Since u and v are fixed points of M and N , respectively, we
deduce that

Mv = M(λu+ k) = λMu+Mk = λu+Mk

and

Nv = v = λu+ k.

Therefore

‖M −N‖L(H,H) ≥ ‖Mv −Nv‖ = ‖(λu+Mk)− (λu+ k)‖ = ‖Mk − k‖ ≥ α‖k‖.

The orthogonal decomposition in (6) gives

1 = ‖v‖2 = λ2‖u‖2 + ‖k‖2 = λ2 + ‖k‖2,

so

λ2 = 1− ‖k‖2 ≥ 1−
(‖M −N‖L(H,H)

α

)2

.

This plus the same decomposition also gives

‖v − u‖2 = (λ− 1)2‖u‖2 + ‖k‖2 = λ2 − 2λ+ 1 + ‖k‖2

= 2(1− λ) = 2
1− λ2

1 + λ
.

On the other hand, from the facts that u, v are positive functions (by (iv)) with ‖u‖ = 1
(by (i)) and the orthogonal decomposition of v, we have λ = 〈u, v〉 =

∫
D uv dx ≥ 0.

13
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Hence

‖v − u‖2 ≤ 2(1− λ2) = 2‖k‖2 ≤ 2
‖M −N‖2L(H,H)

α2

or

‖v − u‖ ≤
√

2
‖M −N‖L(H,H)

α
.

�

4.2. Convergence results

In this section, we answer the question about the sensitivity of the invariant measure of
a Monte Carlo Markov chain under kernel perturbations: given that ‖P − Q‖ < ε (or
equivalently, given a small perturbation on the transition operator), can we estimate the
distance ‖π − η‖ between the two invariant measures?

The outline of this section is as follows. Using Lemma 4.1 and 4.2, we derive the
L2-estimate of the distance between η̂ and π̂.

Then, knowing that S maps L1(D) to L∞(D), we bound the L∞-norm by L2-norm
to produce an L∞-estimate, and then apply Lemma 3.2 to derive the Lp estimate for
2 ≤ p ≤ ∞.

Since the proofs require us to switch back and forth between norms, let us recall that
if f ∈ L∞(D) then

‖f‖1 ≤ C‖f‖2 and ‖f‖2 ≤ C‖f‖∞

where C =
√

Vol(D).

Theorem 4.1 (L2-estimate)
There exists δ(π), C(π) > 0 such that for ‖P −Q‖2 < δ(π), we have

‖π̂ − η̂‖2 ≤ C(π) ‖P −Q‖2

Proof. For clarity, we replace π̂ and η̂ with π and η respectively. Applying Lemma 4.2
with u = π

‖π‖2 , v = η
‖η‖2 , we have

∥∥∥∥ π

‖π‖2
− η

‖η‖2

∥∥∥∥
2

≤
√

2
‖T − S‖

α
. (7)

Then ∥∥∥∥ π

‖π‖2
− η

‖η‖2

∥∥∥∥
1

≤ C
∥∥∥∥ π

‖π‖
− η

‖η‖

∥∥∥∥
2

≤ C
√

2
‖T − S‖

α

14
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with C =
√

Vol(D). By the triangle inequality∣∣∣∣ ∥∥∥∥ π

‖π‖2

∥∥∥∥
1

−
∥∥∥∥ η

‖η‖2

∥∥∥∥
1

∣∣∣∣ ≤ C√2
‖T − S‖

α
.

Since π and η are probability measures, we have ‖π‖1 = ‖η‖1 = 1, and hence∣∣∣∣ 1

‖π‖2
− 1

‖η‖2

∣∣∣∣ ≤ C√2
‖T − S‖

α
.

This leads to

1− ‖π‖2
‖η‖2

≤ C
√

2
‖T − S‖

α
‖π‖2. (8)

If we assume further that the right hand side is less than 1, then

‖η‖2 <
‖π‖2

1− C
√

2‖T−S‖α ‖π‖2
. (9)

The triangle inequality plus (7) and (8) give

‖π − η‖2 ≤
∥∥∥∥ π − ‖π‖2η‖η‖2

∥∥∥∥
2

+

∥∥∥∥ η − ‖π‖2η‖η‖2

∥∥∥∥
2

≤
√

2
‖T − S‖

α
‖π‖2 + C

√
2
‖T − S‖

α
‖π‖2‖η‖2

and then (9) gives

‖π − η‖2 ≤
√

2
‖T − S‖

α
‖π‖2

(
1 + C

‖π‖2
1− C

√
2‖T−S‖α ‖π‖2

)
. (10)

Since T is defined by π, we can consider α as a function of π only. Moreover, with
δ(π) = α/(2C

√
2 ‖π‖2) and ‖T − S‖ ≤ δ(π), the right hand side of (8) is at most 1/2,

and the constant in parentheses in (10) is at most 1 + 2C‖π‖2. Hence we define

C(π) =

√
2 ‖π‖2 (1 + 2C ‖π‖2)

α

and note that from Lemma 3.2,

‖T − S‖L(L2,L2) = ‖P −Q‖L2(D×D).

Hence for ‖P −Q‖2 < δ(π), changing back to the original notations, we have the desired
estimate

‖π̂ − η̂‖2 ≤ C(π) ‖P −Q‖2 .

�

15
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Remark 4.1 From (9) and the choice of δ(π), we see that if ‖P −Q‖2 < δ(π), then
‖η̂‖2 < 2‖π̂‖2.

Theorem 4.2 (L∞-estimate)
There exists δ′(π), C ′(π) > 0 such that if P,Q ∈ L∞(D ×D) and ‖P −Q‖∞ < δ′(π)

then

‖π̂ − η̂‖∞ ≤ C ′(π) ‖P −Q‖∞ .

Proof. As in the proof of the previous theorem, we replace π̂ and η̂ with π and η re-
spectively. Using part the fact that π and η are fixed by T and S, respectively, plus the
triangle inequality and c) of Lemma 3.2, we have

‖η − π‖∞ = ‖Sη − Tπ‖∞ ≤ ‖Sη − Tη‖∞ + ‖Tη − Tπ‖∞
≤ ‖P −Q‖∞‖η‖1 + ‖P‖∞‖η − π‖1
≤ C‖P −Q‖∞‖η‖2 + C‖P‖∞‖η − π‖2, (11)

with C =
√

Vol(D). With δ(π) and C(π) as in the previous theorem, define

δ′(π) =
δ(π)

C
and C ′(π) = 2C‖π‖2 + C2‖P‖∞C(π).

If ‖P −Q‖∞ < δ′(π), then as mentioned previously,

‖P −Q‖2 ≤ C‖P −Q‖∞ < δ(π).

We start with 11 and then use ‖η‖2 < 2‖π‖2 and ‖π−η‖2 ≤ C(π) ‖P −Q‖2 from remark
4.1 and theorem 4.1 to get

‖η − π‖∞ ≤ C‖P −Q‖∞‖η‖2 + C‖P‖∞‖η − π‖2
≤ 2C‖P −Q‖∞‖π‖2 + C‖P‖∞C(π)‖P −Q‖2

By collecting terms and noticing that ‖P −Q‖2 ≤ C‖P −Q‖∞, we deduce that

‖η − π‖∞ ≤
(
2C‖π‖2 + C2‖P‖∞C(π)

)
‖P −Q‖∞

= C ′(π)‖P −Q‖∞

�

Theorem 4.3 (Lp-estimate, 2 ≤ p ≤ ∞)
Let 2 ≤ p ≤ ∞, there exists δ′(π), C ′(π) > 0 such that if P,Q ∈ Lp(D × D) and
‖P −Q‖p < δ′(π) then

‖π̂ − η̂‖p ≤ C ′(π) ‖P −Q‖p .

16
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Proof. As before, we replace π̂ and η̂ with π and η respectively. Applying Lemma 3.2
(part d), noticing that η and π belong to L2(D), we have:

‖Sη − Tη‖p ≤ ‖P −Q‖p max{‖η‖1, ‖η‖2}

and

‖Tη − Tπ‖p ≤ ‖P‖p max{‖η − π‖1, ‖η − π‖2}.

Using the fact that π and η are fixed by T and S, respectively, plus the triangle inequality
and c) of Lemma 3.2, we have

‖η − π‖p = ‖Sη − Tπ‖p ≤ ‖Sη − Tη‖p + ‖Tη − Tπ‖p
≤ ‖P −Q‖p max{‖η‖1, ‖η‖2}+ ‖P‖p max{‖η − π‖1, ‖η − π‖2}
≤ C‖P −Q‖p‖η‖2 + C‖P‖p‖η − π‖2, (12)

with C =
√

Vol(D). The rest of the proof concludes as in the proof of the previous
theorem. �

5. Extension to non-compact support distributions

While most of the assumption of the method on the ergodicity of the Markov chains
are quite general, one restriction of the method comes from the assumption of bounded
parameter space D. Since the key ideas of our analysis of sensitivity of the invariant
measures rely on moving back and forth between the Lp-norms, this condition could not
be easily removed from the framework.

However, it is worth noting that for distributions with non-compact support, a variation
of the Griddy Gibbs sampling method can be developed as followed: first, a rectangular
domain D is chosen by prior knowledge about π, then the Griddy Gibbs sampling with
πnew = π|D (normalized by a constant) is proceeded as usual. By our previous analyses,
the Monte Carlo Markov chains generated by this process will have a unique invariant
measure η whose distance to π can be estimated by the following theorem

Theorem 5.1 Let 2 ≤ p ≤ ∞. Assume that π has non-compact support on Rd and that
there exist C1, C2 > 0 such that:∫

Rd

‖x‖1π̂(x)p dx ≤ C1 and

∫
Rd

‖x‖1π̂(x) dx ≤ C2

where ‖x‖1 = |x1|+ ...+ |xd|. Let Dt = {x ∈ Rd : ‖x‖∞ > t} where ‖x‖∞ = maxi |xi|.
There exists δ′(π), C ′(π) > 0 such that if P,Q ∈ Lp(D × D), ‖P −Q‖p < δ′(π) and

t ≥ C2/2 then

‖π̂ − η̂‖p ≤ C ′(π,Dt) ‖P −Q‖p +
C2

2t
‖π̂‖p +

C1

t‖π̂‖p
(13)

17
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Proof. We denote f = π̂p/‖π̂‖p and let X be a random variable with density function f .
By Markov’s inequality, we have for i = 1, 2, ...d

P[|Xi| > t] ≤ 1

t

∫
Rd

|xi|f(x) dx

=
1

t‖π̂‖p

∫
Rd

|xi|π̂p(x) dx

Hence

‖π̂‖Lp(Rd\Dt)
= P[‖X‖∞ > t] ≤

∫
Rd ‖x‖1π̂p(x) dx

t‖π̂‖p

By a similar argument, we have

‖π̂‖L1(Rd\Dt)
≤ 1

t

∫
Rd

‖x‖1π̂(x) dx ≤ C2

t

On the other hand, results for distribution with compact support in D implies∥∥∥∥∥η̂ − π̂∫
Dt
π̂

∥∥∥∥∥
Lp(D)

≤ C ′(π,Dt)‖P −Q‖p,

We deduce that, for t ≥ 2C2, we have

‖π̂ − η̂‖Lp(Rd) ≤ ‖π̂ − η̂‖Lp(D) + ‖π̂‖Lp(Rd\Dt)

≤

∥∥∥∥∥η̂ − π̂∫
Dt
π̂(x) dx

∥∥∥∥∥
p

+

∫
Rd\Dt

π̂(x) dx∫
Dt
π̂

‖π̂‖p + ‖π̂‖Lp(Rd\Dt)

≤ C ′(π,Dt) ‖P −Q‖p +
C2

2t
‖π̂‖p + ‖π̂‖Lp(Rd\Dt)

≤ C ′(π,Dt) ‖P −Q‖p +
C2

2t
‖π̂‖p +

C1

t‖π̂‖p

�

Corollary 5.1 Let 2 ≤ p ≤ ∞ and assume that π has non-compact support on Rd
and that there exists C3, C4 > 0 so that:

(1)
∫
Rd |x|2π̂(x) dx ≤ C3 <∞ and

(2) ‖π̂‖L2p−1 ≤ C4 <∞

Then result (13) is true with C1 =
√
C3C

p
4 and C2 = 1 + C4.

That is, if prior estimates on the second moment of π and the L2p−1-norm of π̂ are
available, the Griddy Gibbs algorithm can be adjusted accordingly to produce a good
estimate on the distance between the two invariant measures.

Proof. By Holder’s inequality with

u(x) = ‖x‖1π̂(x)1/2, v(x) = π̂p−1/2

18
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we have ∫
Rd

‖x‖1π̂p(x) dx ≤
(∫
Rd

‖x‖21π̂(x) dx

)1/2(∫
Rd

π̂2p−1(x) dx

)1/2

≤
√
C1C

p
2 .

and ∫
Rd

‖x‖1π̂(x) dx ≤
∫
‖x‖1≤1

π̂(x) dx+

∫
‖x‖1>1

‖x‖21π̂(x) dx ≤ 1 + C4

�

6. Numerical examples

In this section, we provide numerical examples to illustrate our theoretical findings and
demonstrate the utility of the Griddy Gibbs sampling method. First, we validate the
estimates derived in previous sections in a simple 2D example. We then proceed to
investigate the performance of the Griddy Gibbs sampling in a practical example arising
from systems biology, in which it is necessary to employ the Griddy Gibbs sampling
method, and demonstrate the use of the method in making inferences about the system.

6.1. A 2D example

In this example, we investigate the performance of the Griddy Gibbs sampling algorithm
on grids of various resolutions in a simple 2D example. The chosen distribution for has
the following density function

π(x, y) =
1

2
Beta

(
x+ 1

2
, 2, 5

)
∗Beta

(
y + 1

2
, 2, 5

)

+
1

2
Beta

(
x+ 1

2
, 2, 2

)
∗Beta

(
y + 1

2
, 2, 2

)
where Beta(x, α, β) is the density of the one-dimensional Beta distribution with param-
eter α and β.

This distribution was chosen specifically to illustrate the developed framework in the
case of compact support: it has compact support in its domain [−1, 1]× [−1, 1] and has
non-independent components, but the 1D marginal density functions can be obtained in
simple form:

πX(x) =
1

2
Beta

(
x+ 1

2
, 2, 5

)
+

1

2
Beta

(
x+ 1

2
, 2, 2

)
.

Using this probability distribution, we illustrate the estimates provided in previous
sections, by expressing the L2 and L∞ distance between the estimator (using Griddy
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Figure 2. Left: Error of the 1D marginal empirical cumulative distribution function, and Right: error of the

empirical cumulative distribution function, both as a function of the number of points used in the approximation

grid.

Gibbs) and the true distribution of interest in terms of the number of points used in
the grid of approximation. For various number number of points n used in the grid of
approximation, we use standard linear interpolation on n equally spaced points in the
interval [−1, 1] to approximate the 1-dimensional conditional distributions. For each grid,
a Griddy Gibbs chain of length 105 is generated. We then use the sampled points to esti-
mate the empirical cumulative distribution function (ECDF) and the 1D marginal ECDF
of the invariant distribution of the chains. Finally, the L2 and L∞ distance between the
estimated ECDFs with different number of grid points and the true CDF are calculated.

We note that in the context of our example, it is more convenient to work with CDFs
rather than with PDFs for two main reasons: (i) CDFs can be approximated using
nonparametric estimators; and (ii) there is a well-developed theoretical machinery for the
comparison of CDFs using such estimators. Moreover, it is well-known that the ECDF
is a non-parametric, unbiased estimator that converges uniformly to the true CDF (a
result known as the Glivenko - Cantelli theorem [34]).

The results are illustrated in Figure 2. The error of both ECDF and the marginal
ECDF of the first variable decrease faster than O( 1

n) and approximately as fast as O( 1
n2 )

when the number of the grids point n increases, until it reaches a level at which the error
of the Griddy Gibbs sampling is dominated by the error of the Monte Carlo simulation.
Since the accuracy of standard 1D linear approximation method is bounded by O( 1

n),

and can be as fast as O( 1
n2 ) if the function has bounded second derivative, this confirms

our theoretical results about linear dependency between error of the 1D approximation,
and the distance from the estimated distribution to the true distribution of interest.

6.2. An example in systems biology.

In this example, we consider a mathematical model of the T-cell signaling pathway
proposed by Lipniacki et al. in [35]. The behaviour of the system is modelled as an ODE
system controlled by 19 different parameters with 37 state variables and fixed initial
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conditions:

ẋ = α(ω, x) (System of ODEs)

x(0) = x0(ω) (Initial conditions)

y(t) = f(ω, t) = β(ω, x(t)) (Output)

Here x = (x1, x2, ..., xnx
) ∈ M ⊂ Rnx is the state variable, with M a subset of Rnx con-

taining the initial state, and f(ω, t) ∈ R is the output response (system dynamics). In the
scope of this paper, we are interested in the dynamics of pZap, one of the state variables
of the system. The vector of unknown parameters is denoted by ω = (ω1, ..., ωN ) ∈ RN
and is assumed to belong to a subset Ω of RN . These functions and initial conditions
depend on the parameter vector ω ∈ Ω.

The traditional approach to study such a system is to estimate values of the parameters
from observations. However, in the field of systems biology, usually it is not possible to
estimate all parameters in a given model, in particular if the model is complex and the
data is sparse and noisy. Thus, to represent explicitly the state of knowledge, it is best to
consider not a single parameter valuation but the whole space of uncertain parameters.
The uncertainty in parameter values is often characterized by a probability distribution
π(ω) on the set of all possible parameter values, based on how the output of the system
driven by a particular parameter valuation fits previous data. This gives a distribution
with density

π̂(ω) = cn exp

(
−

n∑
i=1

|f(ω, ti)− d(ti)|2
)
, (14)

where cn is a normalizing constant, (t1, d1), ...(tn, dn) is the set of previous data.
Inference about the system will be made based on π. For example, in [10, 36], the opti-

mal experiment is chosen at the time point where the maximum value of the normalized
variance of the outputs with respect to π is achieved. Another example was given in [11]
where the expected dynamics estimator to recover the correct system dynamics is defined
as the expected value of the system dynamics with respect to the distribution π.

This motivates the problem of sampling with respect to the distribution π. As noted
in the introduction, the use of the standard Gibbs sampling method is hindered by two
factors: first, there is no closed-form formula for the distribution π or for the correspond-
ing one-dimensional conditional distributions; second, the evaluation of the unnormalized
distribution at one point is computationally expensive (it is equivalent to solving a high
dimensional system of differential equations). It is then necessary to approximate the con-
ditional distribution by functions of simpler forms. The Griddy Gibbs method therefore
is a suitable choice for this sampling process.

In this particular example, we restrict the analysis to the five most sensitive parameters
with respect to perturbation. This choice is based on previous knowledge about the
dynamics of the system and on the result of a global sensitivity analysis using sparse
grid interpolation([37]).

To further reduce the computational cost, we also employ a sparse grid interpolant
to approximate the output of the ODE system. That is, the output functions of the
system of ODEs are evaluated on a sparse grids of 105 points on the parameter space,
then the method of sparse grid interpolation is employed to approximate the outputs at
other sets of parameter values. Moreover, the one-dimensional conditional distributions
are then approximated by piecewise linear functions on grids of fineness δ = 0.2 (which

21



August 16, 2016 15:40 Journal of Statistical Computation and Simulation Revision

corresponds to a grid with 11 equally spaced points). It is worth noting that although
this is a two-leveled approximation, it still fits into the framework developed in previous
sections.

We will compare the performance of the Griddy Gibbs sampling with the variation of
Gibbs sampling suggested by Tierney et al. in [24]. In Tierney’s algorithm, a Metropolis
chain is embedded to ensure that the equilibrium distribution is exactly π even on a
coarse grid. The drawback is that the computational cost is at least twice as much as
Griddy Gibbs sampling using the same grid. Moreover, the algorithm is more difficult to
set up and is restricted to piecewise linear and piecewise constant approximations.

In Figure 3, we use samples from Griddy Gibbs and from Tierney’s algorithm to com-
pare the conditional and marginal distribution derived from the ECDFs. In the left panel,
we compare the conditional distributions (using samples from Griddy Gibbs and Tier-
ney’s algorithm) of the second parameter on the first paramter, for various values of this
parameter. In the right panel, the difference between the two marginal joint distributions
of the first and the second variable are computed. We also compare the difference be-
tween the two marginal joint distributions of the first and the second variable while using
various numbers of samples in Figure 4. The results from Figure 3 and Figure 4 suggest
that the Griddy Gibbs sampling method is as effective as Tierney’s algorithm (whose
convergence is also guaranteed theoretically) in generating Markov chains with with re-
spect to a given invariant measure: the difference between the two marginal distributions
is of the same magnitude as the error of the Monte Carlo method itself.

We then investigate the performance of the Griddy Gibbs sampling in making infer-
ences about dynamics. For this we consider the Expected Dynamics Estimator based on
one single simulated data point. This generates a distribution π1 as in (14) with n = 1,
and we then use this distribution to estimate the system dynamics by

D̂1(t) = Eπ1(ω)[f(ω, t)].

The results are provided in Figure 5 (Left). The expected dynamics are calculated using
the empirical mean of the output values on the previous two sets of samples. Once again,
the performance of the Griddy Gibbs sampling is as good as Tierney’s algorithm in
computing the expected dynamics.

Finally, Figure 5 (Right) compares the auto-correlation coefficients of the Monte Carlo
Markov chains generated by the two algorithms. To compute the auto-correlation coef-
ficients, two Monte-Carlo Markov chains of length 105 were generated by the two algo-
rithms, respectively. The figure illustrates the fact that not only is the computational
cost of Tierney’s algorithm (to generate one instance of the chain) higher, but also its
auto-correlation function converges (to zero) at a much lower rate. In this particular
example, if one wants to get two sets of i.i.d samples with the same number of points
by both algorithms, the computational cost for Tierney’s algorithm is at least ten times
that of the cost for Griddy Gibbs.

7. Conclusion

We have shown, subject to some fairly natural conditions, that the Griddy Gibbs method
has a unique, invariant measure. Moreover, we gave Lp estimates on the distance between
this invariant measure and the corresponding measure obtained from Gibbs sampling.
These results provide a theoretical foundation for the use of the Griddy Gibbs sampling
method.
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Figure 3. Conditional and marginal distribution for the T-cell model. Left: The difference between the conditional

distributions on the first parameters (one curve for each value of this parameter). Right: The difference between

the marginal joint distributions of the first two parameters, achieved from Griddy Gibbs and Tierney’s algorithm.
Figure 4 shows that the differences between corresponding ECDFs are of the same magnitude as the error of the

Monte Carlo method (O( 1√
N

), where N is the number of samples)

Figure 4. The difference between the marginal distributions computed by Griddy Gibbs and Tierney’s algorithm
is of the same magnitude as the error of the Monte Carlo method itself (O( 1√

N
), where N is the number of

samples).

Moreover, using the theoretical framework developed to validate the Griddy Gibbs
sampling method, we also successfully provided a more general result about the sensitivity
of invariant measures under small perturbations on the transition probability. Our results
imply that if we replace the transitional probability P of a Monte Carlo Markov chain
by a different transitional probability Q that is close to P in Lp norm (2 ≤ p ≤ ∞),
the distance between the two invariant measures (in Lp) is bounded by a constant times
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Figure 5. Left: The expected dynamics estimator based on one data point, generated by Griddy Gibbs and

Tierney’s samples. Right: Auto-Correlation coefficients of the Markov chains generated by Griddy Gibbs algorithm

and Tierney’s algorithm.

the Lp-distance between P and Q, provided that the approximation schemes satisfy
a mild condition provided in the paper. This condition is very general and does not
hinder the application of the Griddy Gibbs sampling method, since it can always be
guaranteed simply by using additional cutoff functions on the approximation scheme,
without significantly affecting its accuracy. The method can be generalized to validate
other Monte Carlo Markov chain sampling methods that involve approximation.

We also gave numerical examples to illustrate our theoretical findings and demonstrate
the utility of the method in different applications. The numerical results confirm the
linear relation between the distance between the invariant measures and the accuracy
of the approximation scheme derived in theory. Moreover, our examples illustrate that
Griddy Gibbs performs as well as its variants in applications and that the algorithm
is simpler to implement and less computationally expensive. Additionally, the Markov
chains generated by this algorithm have significantly smaller auto-correlation coefficients
than those of other variant algorithms. These features demonstrate that Griddy Gibbs
is a simple and effective sampling method that can be employed in applications with
confidence in its validity.
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