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Countdown to mid-term exam: 14 days

Week 1 ------ Chapter 1: Descriptive statistics
Week 2 - - - .. Chap.ter 6 Statistics and Sampling
Distributions
Week 4 ------ Chapter 7: Point Estimation
Week 7 ------ Chapter 8: Confidence Intervals
Week 10 - - -- Chapter 9: Test of Hypothesis
Week 13 ------ Two-sample inference, ANOVA, regression
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8.1 Basic properties of confidence intervals (Cls)

o Interpreting Cls
e General principles to derive Cl

8.2 Large-sample confidence intervals for a population mean
e Using the Central Limit Theorem to derive Cls

8.3 Intervals based on normal distribution
e Using Student’s t-distribution

8.4 Cls for standard deviation
8.5 Bootstraps Cls
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95% confidence interval

@ Assumptions:

e Normal distribution
e o is known

@ 95% confidence interval
If after observing X1 = x1, Xo = x2,..., X, = x,, we compute
the observed sample mean X. Then

ag ag
X—196—.Xx+1.96—
(X N ﬁ)

is a 95% confidence interval of u
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100(1 — )% confidence interval

A 100(1 — a)% confidence interval for the mean p of a normal population when
the value of o is known is given by

( o . o ) -
X — Zuyn* x Zaiz" (0.2)
v’ ““ Vn

or, equivalently, by X = z. o/ Vh.
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100(1 — )% confidence interval

- Shaded area = a/2
\;\
_ ]I | |l e -
~Za2 0 Za2
Figure 8.4 P(—z Z=z,)=1—-a
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z .00 01 02 03 04 05 .06 07 08 .09

0.0 5000 5040 5080 5120 5160 5199 5239 5279 5319 5359
0.1 5398 5438 5478 5517 5557 5596 5636 5675 5714 5753
0.2 5793 5832 5871 5910 .5948 5987 6026 6064 6103 6141
0.3 6179 6217 6255 6293 6331 6368 6406 6443 6480 6517
0.4 6554 6591 6628 6664 6700 6736 6772 6808 6844 6879
0.5 6915 6950 6985 7019 7054 7088 7123 7157 7190 7224
0.6 7257 7291 7324 7357 7389 7422 7454 7486 as17 7549
0.7 7580 7611 7642 7673 7704 7794 7823 7852
0.8 7881 7910 7939 7967 7995 8078 8106 8133
0.9 .8159 8186 8212 8238 .8264 8340 8365 8389
1.0 8413 8438 8461 8485 8508 8577 8599 8621
L1 8643 8665 8686 8708 8729 8790 8810 .8830
1.2 8849 .B869 .BEBS 8907 .8925 B98O 8997 9015
1.3 9032 9049 9066 9082 9099 9147 9162 9177
1.4 9192 9207 9222 9236 9251 9292 9306 9319
L5 9332 9345 9357 9370 9382 9418 9429 9441
L6 9452 9463 9474 9484 9495 9525 9535 9545
L7 9554 9564 9573 9582 9591 9616 9625 9633
1.8 9641 9649 9656 9664 9671 9693 9699 9706
1.9 9713 9719 9726 9732 9738 9756 9761 9767
2.0 9772 9778 9783 9788 9793 9808 9812 9817
2.1 9821 9826 9830 9834 9838 9850 9854 9857
2.2 9861 9864 9868 9871 9875 9884 9887 9890
23 9893 9896 9898 9901 9904 9911 9913 9916
2.4 9918 9920 9922 9925 9927 9932 9934 9936
2.5 9938 9940 9941 9943 9945 9949 9951 9952
2.6 9953 9955 9956 9957 9959 9962 9963 9964
27 9965 9966 9967 9968 9969 9972 9973 9974
2.8 9974 89975 9976 9977 9977 9979 9980 9981
2.9 9981 9982 0982 9983 9984 9985 9986 9986
3.0 9987 9987 9987 9988 .9988 9989 9990 9990
3.1 9990 9991 9991 9991 9992 9992 9993 .9993
3.2 9993 9993 9994 9994 9994 9995 9995 9995
33 9995 9995 9995 9996 9996 9996 9996 9997
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@ Section 8.1
o Normal distribution
e o is known
@ Section 8.2
o 1 | dictributi
— Using Central Limit Theorem — needs n > 30
o g-is-known
— needs n > 40
@ Section 8.3
o Normal distribution
o g-is-known
e nis small

— Introducing t-distribution
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Interpreting confidence interval

True value of u
Interval

number l
(1) —

) 8 :

(3) |
4) :
(5) ]
(6) I
(7) l

(8) 5 »
3

"
L ]

L J

9)
(10)
(11) «

95% confidence interval: If we repeat the experiment many times,
the interval contains u about 95% of the time
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How NOT to interpret confidence interval

Writing _ _
Plpe (X —-17,X+1.7)] =95%
is ok.

o If Xx =2.7, writing
Plp € (1,4.4)] = 95%

is NOT ok.

@ Saying “there is a 95% chance that u € (1,4.4)" is generally
NOT ok.

e Saying p € (1,5.4) with confidence level 95% is ok.

@ Saying “if we repeat the experiment many times, the interval
contains p about 95% of the time” is perfect.
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Large-sample Cls of the population mean and proportion
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@ Central Limit Theorem _
X—p
a/\/n

is approximately normal when n > 40

@ Moreover, when n is sufficiently large S ~ o

@ Conclusion: _
X—n
S/vn

is approximately normal when n is sufficiently large

If n > 40, we can ignore the normal assumption and replace o
by S
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95% confidence interval

If after observing X1 = x1, Xo = x2,..., X, = x, (n > 40), we
compute the observed sample mean X and sample standard
deviation S. Then

_ S _ S

is a 95% confidence interval of p
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100(1 — )% confidence interval

If after observing X1 = x1, Xo = x2,..., X, = x, (n > 40), we
compute the observed sample mean X and sample standard
deviation S. Then

- S _ )
X_Za/2%7X+Za/2%

is a 95% confidence interval of p
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One-sided Cls (Confidence bounds)
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The central example

Problem

Suppose the sediment density (g/cm) of a randomly selected
specimen from a certain region is normally distributed with mean p
and standard deviation 0.85.

If a random sample of 25 specimens is selected, with sample
average X.

@ Find a number a such that
Pl-a< X —p<al=0.95

@ Find a number b such that

P[X < b] = 0.95
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One-sided Cls

A large-sample upper confidence bound for p is

— 5
n<x+z,co~

Vi
and a large-sample lower confidence bound for w is

— s
>X =24
# ““Va
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Cls vs. one-sided Cls

Cls: One-sided Cls:
@ 100(1 — )% confidence @ 100(1 — «)% confidence
_ g _ g _ o
X—Za/z\ﬁﬁ(‘f'za/z% —007X+Za\ﬁ
@ 95% confidence @ 95% confidence
o o o
X —196—,x+1.96— — X+ 1.64—
<X 96ﬁ,x+ 96ﬁ> < 00, X + 1.6 ﬁ)
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Cl for a population proportion
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Population and sample proportion

@ Let p denote the proportion of successes in a population

@ A random sample of n individuals is to be selected, and X is
the number of successes in the sample
@ Sample proportion
X

p==
n
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Central limit theorem for sample proportion

° E(p)=p, op=1+/p(1—p)/n
@ When n > 30, R
p—p
p(l—p)/n
is approximately standard normal
@ To derive 95% ClI

P[—a < P < a]=0.95
n

_h-pr
vP(L—p)/
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Cl for a population proportion

A confidence interval for a population propertion p with confidence level ap-
proximately 100(1 — «)% has

2n N'n o 4n?

1+ (z2,)/n

and (8.10)

p+

lower confidence limit =

2 fagal 2

A Zal2 pPq Zal2
+ 22y = 4 a2
P TR\ Ty, 4n?

upper confidence limit =
PP 1+ (zifz)f n

where § =1 — p.

MATH 450 Chapter 8: Confidence Intervals



