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Countdown to mid-term exam: 14 days

Week 1 · · · · · ·• Chapter 1: Descriptive statistics

Week 2 · · · · · ·• Chapter 6: Statistics and Sampling
Distributions

Week 4 · · · · · ·• Chapter 7: Point Estimation

Week 7 · · · · · ·• Chapter 8: Confidence Intervals

Week 10 · · · · · ·• Chapter 9: Test of Hypothesis

Week 13 · · · · · ·• Two-sample inference, ANOVA, regression
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Overview

8.1 Basic properties of confidence intervals (CIs)

Interpreting CIs
General principles to derive CI

8.2 Large-sample confidence intervals for a population mean

Using the Central Limit Theorem to derive CIs

8.3 Intervals based on normal distribution

Using Student’s t-distribution

8.4 CIs for standard deviation

8.5 Bootstraps CIs
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95% confidence interval

Assumptions:

Normal distribution
σ is known

95% confidence interval
If after observing X1 = x1, X2 = x2,. . . , Xn = xn, we compute
the observed sample mean x̄ . Then(

x̄ − 1.96
σ√
n
, x̄ + 1.96

σ√
n

)
is a 95% confidence interval of µ
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100(1− α)% confidence interval
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100(1− α)% confidence interval
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Φ(z)
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Assumptions

Section 8.1

Normal distribution
σ is known

Section 8.2

Normal distribution
→ Using Central Limit Theorem → needs n > 30
σ is known
→ needs n > 40

Section 8.3

Normal distribution
σ is known
n is small

→ Introducing t-distribution
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Interpreting confidence interval

95% confidence interval: If we repeat the experiment many times,
the interval contains µ about 95% of the time
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How NOT to interpret confidence interval

Writing
P[µ ∈ (X̄ − 1.7, X̄ + 1.7)] = 95%

is ok.

If x̄ = 2.7, writing

P[µ ∈ (1, 4.4)] = 95%

is NOT ok.

Saying “there is a 95% chance that µ ∈ (1, 4.4)” is generally
NOT ok.

Saying µ ∈ (1, 5.4) with confidence level 95% is ok.

Saying “if we repeat the experiment many times, the interval
contains µ about 95% of the time” is perfect.
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Large-sample CIs of the population mean and proportion
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Principles

Central Limit Theorem
X̄ − µ
σ/
√
n

is approximately normal when n > 40

Moreover, when n is sufficiently large S ≈ σ
Conclusion:

X̄ − µ
S/
√
n

is approximately normal when n is sufficiently large

If n > 40, we can ignore the normal assumption and replace σ
by S
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95% confidence interval

If after observing X1 = x1, X2 = x2,. . . , Xn = xn (n > 40), we
compute the observed sample mean x̄ and sample standard
deviation S. Then (

x̄ − 1.96
S√
n
, x̄ + 1.96

S√
n

)
is a 95% confidence interval of µ
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100(1− α)% confidence interval

If after observing X1 = x1, X2 = x2,. . . , Xn = xn (n > 40), we
compute the observed sample mean x̄ and sample standard
deviation S. Then (

x̄ − zα/2
S√
n
, x̄ + zα/2

S√
n

)
is a 95% confidence interval of µ
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One-sided CIs (Confidence bounds)
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The central example

Problem

Suppose the sediment density (g/cm) of a randomly selected
specimen from a certain region is normally distributed with mean µ
and standard deviation 0.85.
If a random sample of 25 specimens is selected, with sample
average X̄ .

Find a number a such that

P[−a < X̄ − µ < a] = 0.95

Find a number b such that

P[X̄ < b] = 0.95
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One-sided CIs

MATH 450 Chapter 8: Confidence Intervals



CIs vs. one-sided CIs

CIs:

100(1− α)% confidence(
x̄ − zα/2

σ√
n
, x̄ + zα/2

σ√
n

)
95% confidence(
x̄ − 1.96

σ√
n
, x̄ + 1.96

σ√
n

)

One-sided CIs:

100(1− α)% confidence(
−∞, x̄ + zα

σ√
n

)
95% confidence(
−∞, x̄ + 1.64

σ√
n

)
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CI for a population proportion
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Population and sample proportion

Let p denote the proportion of successes in a population

A random sample of n individuals is to be selected, and X is
the number of successes in the sample

Sample proportion

p̂ =
X

n
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Central limit theorem for sample proportion

E (p̂) = p, σp̂ =
√
p(1− p)/n

When n > 30,
p̂ − p√

p(1− p)/n

is approximately standard normal

To derive 95% CI

P[−a < p̂ − p√
p(1− p)/n

< a] = 0.95
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CI for a population proportion

where q̂ = 1− p̂.
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