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Overview

Week 1 ------ Chapter 1: Descriptive statistics
Week 2 - - - .. Chap.ter 6 Statistics and Sampling
Distributions
Week 4 ------ Chapter 7: Point Estimation
Week 7 ------ Chapter 8: Confidence Intervals
Week 10 - - -- Chapter 9: Tests of Hypotheses
Week 12 -----. Chapter 10: Two-sample inference
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10.1 Difference between two population means
10.2 The two-sample t test and confidence interval

10.3 Analysis of paired data
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Two-sample inference

Example
Let p1 and uo denote true average decrease in cholesterol for two
drugs. From two independent samples X1, Xp, ..., X, and
Y1, Y2,..., Y, we want to test:
Ho : pa = po2
Ha: p1 # po
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@ Independent samples

Q@ X, Xo,..., X, is a random sample from a population with
mean p; and variance o%.
Q@ Y1, Ys, ..., Y, is a random sample from a population with

mean ji, and variance o3.

© The X and Y samples are independent of each other.
o Today: paired samples

@ There is only one set of n individuals or experimental objects
@ Two observations are made on each individual or object
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Independent samples

Q@ Xi,X,...,Xm is a random sample from a population with

mean p1 and variance o?.

Q@ Y., Y5, ...,Y, is a random sample from a population with

mean pp and variance a%.

© The X and Y samples are independent of each other.
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Testing the difference between two population means

@ Setting: independent normal random samples X1, Xo, ..., Xp
and Y1, Y, ..., Y, with known values of o1 and o5. Constant
Ao.

@ Null hypothesis:
Ho : p1 — pa = Ao
@ Alternative hypothesis:

(@) Ha:pr—p2 >N
(b) Ha:pa —po < Ao
(c) Ha:pr— 2 # Do

@ When A =0, the test (c) becomes

Ho : p1 = p2
Ha:pa # po
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z-test

Null hypothesis: Hy: gy — pz = Ap

f—?—ﬁu

‘\'.fa? _-'_52

Test statistic value: z =
m n

Alternative Hypothesis Rejection Region for Level « Test

Hy: py — pz > Ag £ > z, (upper-tailed test)
Hp oy — s < Ay £ = —z, (lower-tailed test)
Hp:py — s # Ay either z > z,, or z < —z,,» (two-tailed test)
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2-sample t test: degree of freedom

THEOREM ‘When the population distributions are both normal, the standardized variable

XY ()
Vot

T= (10.2)

has approximately a ¢ distribution with df v estimated from the data by
Sf S% : o 472
(; * ;)  [tsea)? + Gse2)?]
(st/m)®  (/n)"  (se)” | (sea)”

m-—1 n—1 m—1 n-1

where

51
S8 = —= 5€1 =

v

(round v down to the nearest integer).

o
[
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2-sample t procedures

The two-sample ¢ test for testing Hy: gy — p = Ag is as follows:

1 statistic value: ¢ = >—2.— 80
Test statistic value: f = ————
/51,5

m n

Alternative Hypothesis Rejection Region for Approximate Level « Test

Ha gy — pz = Ao t > ty, (upper-tailed test)
Hppy — 1z < Ay t < —t,, (lower-tailed test)
Ha:py — pz # Ao either f 2 tyny OI 1 < —ty2, (two-tailed test)

A P-value can be computed as described in Section 9.4 for the one-sample  test.
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Paired samples

@ There is only one set of n individuals or experimental objects

@ Two observations are made on each individual or object
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Settings

@ The data consists of n independently selected pairs
(Xl, Yl), ()(27 Yz), ceey (Xn, Y,-,) with E(X,) = u1 and

E(Y:) = po.
Q Let
Di=Xi—Y,, Dy=Xo—-Yo,..., D,=X,-Y),

so the D;'s are the differences within pairs.

© The Dj’s are assumed to be normally distributed with mean
value pp and variance O'2D.
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From the last lecture (independent samples)

Problem

Assume that

@ X1,Xo,..., Xy is a random sample from a population with

mean p11 and variance o3.

e Y1, Yo, ..., Y, is a random sample from a population with
mean up and variance a%.
@ The X and Y samples are independent of each other.

Compute (in terms of pi, p2, 01,02, m, n)

(a) E[X = VY]

(b) Var[X — Y] and o _v
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@ In the independent case, we construct the statistics by looking
at the distribution of
X-Y

which have

2 2
E[X—Y] = p1—p2,  Var[X—V] = Var(X)+Var(V) = 2+22
m n
e With paired data, the X and Y observations within each pair
are not independent, so X and Y are not independent of each
other — the computation of the variance is in valid — could

not use the old formulas
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The paired t-test

@ Because different pairs are independent, the D;'s are
independent of each other

@ We also have
E[D] = E[X — Y] = E[X] — E[Y] = pi1 — p2 = pp

@ Testing about p1 — pp is just the same as testing about up
@ Idea: to test hypotheses about p; — po when data is paired:

@ form the differences Dy, D,, ..., D,
@ carry out a one-sample t-test (based on n— 1 df) on the
differences.
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The paired t-test

THE PAIRED Null hypothesis: Hy: jtn = Ag
¢t TEST

d— ﬂg
spfVh

Test statistic value: ¢ =

Alternative Hypothesis

Hypp = Ay
Hy: up < Ay
Hypp # Ay

(where D = X — Y is the difference between
the first and second observations within a
pair, and itp = g — pz)

(where d and sy are the sample mean and
standard deviation, respectively, of the d,'s)

Rejection Region for Level « Test
t=t

ap—1
t S —tym—1

either t > t,pn, 0Tt < —t,mn,

A P-value can be calculated as was done for earlier ¢ tests.
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Confidence intervals

@ A t confidence interval for for yup = p1 — po can be
constructed based on the fact that

_D-wp
Sp/v/n

follows the t distribution with degree of freedom n — 1.

T

@ The paired t Cl for up is

- sD
d=+ ta/Z,n—li

vn

@ A one-sided confidence bound results from retaining the
relevant sign and replacing t /2,1 by ta,n-1.
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Example

Consider two scenarios:

A. Insulin rate is measured on 30 patients before and after a
medical treatment.

B. Insulin rate is measured on 30 patients receiving a placebo
and 30 other patients receiving a medical treatment.

What type of test should be used in each cased: paired or
unpaired?
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Example

Example

Suppose we have a new synthetic material for making soles for
shoes. We'd like to compare the new material with leather — using
some energetic kids who are willing to wear test shoes and return
them after a time for our study. Consider two scenarios:

A. Giving 50 kids synthetic sole shoes and 50 kids leather shoes
and then collect them back, comparing the average wear in
each group

B. Give each of a random sample of 50 kids one shoe made by
the new synthetic materials and one shoe made with leather

What type of test should be used in each cased: paired or
unpaired?
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Consider an experiment in which each of 13 workers was provided
with both a conventional shovel and a shovel whose blade was
perforated with small holes. The following data on stable energy
expenditure is provided:

Worker: 1 2 3 4 5 6 7
Conventional: 0011 .0014 .0018 .0022 .0010 .0016 .0028
Perforated: .0011 .0010 .001% .0013 .0011 .0017 .0024

Worker: 8 9 10 11 12 13
Conventional: 0020 0015 .0014 .0023 .0017 .0020
Perforated: 0020 0013 .0013 .0017 .0015 .0013

Calculate a confidence interval at the 95% confidence level for the
true average difference between energy expenditure for the
conventional shovel and the perforated shovel (assuming that the
differences follow normal distribution).
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Consider an experiment in which each of 13 workers was provided
with both a conventional shovel and a shovel whose blade was
perforated with small holes. The following data on stable energy
expenditure is provided:

Worker: 1 2 3 4 5 6 7
Conventional: .0011 .0014 .0018 .0022 .0010 .0016 .0028
Perforated: 0011 .0010 .0019 .0013 .0011 .0017 .0024

Worker: 8 9 10 11 12 13
Conventional: 0020 0015 .0014 .0023 .0017 .0020
Perforated: 0020 0013  .0013 .0017 .0015 .0013

Carry out a test of hypotheses at significance level .05 to see if true
average energy expenditure using the conventional shovel exceeds
that using the perforated shovel; include a P-value in your analysis.
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t-table

1.6 | 178 125 .104
1.7 169 .116 .094

OB5S 080 077 074 072 070 069 068 067 065 065 065 064 064
075 070 065 064 060 059 057 056 055 055 054 .054 053

1.8 Jd61 107 085 066 061 057 051 050 049 048 046 046 045 045 044
1.9 154 099 077 058 053 .050 047 5 043 042 041 040 038 038 .038 .037 037
20 J48 092 070 058 051 046 043 040 038 037 035 034 033 032 032 031 031 030
2.1 141 085 063 052 045 040 037 034 033 031 030 029 028 027 027 026 025 025
2.2 J36 079 058 046 040 035 032 029 028 026 025 024 023 022 022 021 021 021
23 JA31 074 052 041 035 031 027 025 023 022 021 .020 019 018 018 018 017 017
24 A26 069 048 037 031 027 024 022 020 019 018 017 016 015 015 014 014 014
2.5 121 .065 044 033 027 .023 020 018 017 016 015 014 013 012 012 012 011 001
2.6 117 .061 040 030 024 020 018 016 014 013 012 012 011 010 010 010 009 009
27 A13 057 037 027 021 018 015 014 012 011 010 010 009 008 008 008 008 007
28 A09 054 034 024 019 016 013 012 010 009 009 008 008 007 007 006 006 006
2.9 06 051 031 022 017 014 011 010 009 008 007 007 006 .005 005 005 .005 005
3.0 102 048 029 020 015 012 010 009 007 007 006 006 005 004 004 004 004 004
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