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Lecture 16: Confidence intervals for standard deviation
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Countdown to midterm: 7 days

Chapter 6: Statistics and Sampling

Week 2= Distributions

Week 4 - - - -- Chapter 7: Point Estimation

Week 7 ------ Chapter 8: Confidence Intervals
Week 10 --- - -- Chapter 9: Test of Hypothesis
Week 11 ---- .- Chapter 10: Two-sample inference
Week 13 ------ Regression
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8.1 Basic properties of confidence intervals (Cls)

o Interpreting Cls
o General principles to derive Cl

8.2 Large-sample confidence intervals for a population mean
e Using the Central Limit Theorem to derive Cls

8.3 Intervals based on normal distribution
e Using Student’s t-distribution

8.4 Cls for standard deviation
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Framework

o Let Xi,X5,..., X, be a random sample from a distribution
f(x,0)

@ In Chapter 7, we learnt methods to construct an estimate 0 of
0

@ Goal: we want to indicate the degree of uncertainty
associated with this random prediction

One way to do so is to construct a confidence interval
[0 — a,0 + b] such that

P[0 € [f —a,0+ b]] =95%
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Principles for deriving Cls

If X1,X2,..., Xy is a random sample from a distribution f(x, 6),
then

e Find a random variable Y = h(X1, Xa, ..., X;;0) such that
the probability distribution of Y does not depend on € or on
any other unknown parameters.

@ Find constants a, b such that
Pla < h(X1, Xa,..., X, 0) < b] =0.95
@ Manipulate these inequalities to isolate 6

P[K(Xl,X% R ,Xn) <f< U(Xl,X2, R ,X,,)] =0.95
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Interpreting confidence intervals

True value of u
Interval

number l
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95% confidence interval: If we repeat the experiment many times,
the interval contains u about 95% of the time
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Confidence intervals for a population mean

@ Section 8.1: Normal distribution with known o
e Normal distribution
e o is known
@ Section 8.2: Large-sample confidence intervals
o Nermal-distribution
— use Central Limit Theorem — needs n > 30
o o-is-known
— replace o by s — needs n > 40
@ Section 8.3: Intervals based on normal distributions
e Normal distribution
o o-isknown
— Introducing t-distribution
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8.1: Normal distribution with known o
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8.1: Normal distribution with known o

@ Assumptions:

e Normal distribution
e o is known

@ 95% confidence interval
If after observing X1 = x1, Xo = x2,..., X, = x,, we compute
the observed sample mean X. Then

ag ag
X—196—.Xx+1.96—
(X N ﬁ)

is a 95% confidence interval of u
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z-critical value

NOTATION z,, will denote the value on the measurement axis for which o of the area under
the z curve lies to the right of z,. (See Figure 4.19.)

For example, z o captures upper-tail area .10 and z; captures upper-tail
area .01.

z curve Shaded area = P(Z>z,) = o

Figure 4.19 z, notation illustrated

Since « of the area under the standard normal curve lies to the right of z,,, 1 — «
of the area lies to the left of z,. Thus z, is the 100(1 — «)th percentile of the standard
normal distribution. By symmetry the area under the standard normal curve to the
left of —z, is also o. The z,’s are usually referred to as z eritical values. Table 4.1
lists the most useful standard normal percentiles and z,, values.
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100(1 — )% confidence interval

-—a Shaded area = a/2
\:\
“ I ~
I 1 | L =
) 0 Zan2
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100(1 — )% confidence interval

A 100(1 — a)% confidence interval for the mean p of a normal population when
the value of o is known is given by

( o . o ) -
X — Zuyn* x Zaiz" (0.2)
v’ ““ Vn

or, equivalently, by X = z. o/ Vh.
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8.2: Large-sample Cls of the population mean
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@ Central Limit Theorem _
X—p
a/\/n

is approximately normal when n > 30

@ Moreover, when n is sufficiently large s ~ o

@ Conclusion: _
X—u
s/v/n

is approximately normal when n is sufficiently large

If n > 40, we can ignore the normal assumption and replace o
by s
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95% confidence interval

If after observing X1 = x1, Xo = x2,..., X, = x, (n > 40), we
compute the observed sample mean X and sample standard
deviation s. Then

S S
% —1.96—, % + 1.96—
(x 97X + 96ﬁ>

is a 95% confidence interval of p
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100(1 — )% confidence interval

If after observing X1 = x1, Xo = x2,..., X, = x, (n > 40), we
compute the observed sample mean X and sample standard
deviation s. Then

S S

(2 - Za/2%7 X+ Za/2\/ﬁ>

is a 95% confidence interval of p
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One-sided Cls

A large-sample upper confidence bound for p is

— 5
n<x+z,co~

Vi
and a large-sample lower confidence bound for w is

— s
>X =24
# ““Va
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8.3: Intervals based on normal distributions
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@ the population of interest is normal
(i.e., X1,..., X, constitutes a random sample from a normal
distribution N (u, 02)).

@ o is unknown

— we want to consider cases when n is small.
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t distributions

FROPERTIES 1. Each ¢, curve is bell-shaped and centered at 0.
gE%g;émL 2. Each ¢, curve is more spread out than the standard normal (z) curve.

3. As v increases, the spread of the ¢, curve decreases.

4, As v — oo, the sequence of ¢, curves approaches the standard normal
curve (so the z curve is often called the f curve with df = o).
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t distributions

When X is the mean of a random sample of size n from a normal
distribution with mean g, the rv

X—p
S//n

has the t distribution with n — 1 degree of freedom (df).
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t distributions

Let ¢, , = the number on the measurement axis for which the area under the
t curve with v df to the right of ¢, ,, is o 1, is called a f eritical value.

o, ¢

Figure B.7 A pictorial definition of t,,,.
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How to do computation with t distributions

@ Instead of looking up the normal Z-table A3, look up the two
t-tables A5 and A7.

o Idea
P[T >ty =«

e {From t, find a} — using table A7
e {From ¢, find t} — using table A5
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t — «

Table A.7 tCurve Tail Areas

i density cuy Area to the
right of
i] t
i

Av 12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
0.0 500 500 500 500 500 500 500 500 500 500 500 500 .500
0.1 | 468 465 463 463 461 461 461 461 461 461 461 461 461
0.2 | 437 430 427 426 423 423 422 422 422 422 422 422 422
0.3 | 407 396 392 .390 385 385 385 384 384 384 384 384 384
0.4 179 364 358 355 349 348 348 348 347 347 347 347 347
0.5 | 352 333 .326 322 314 313 313 313 312 312 312 312 312
0.6 | 328 305 295 290 281 280 280 279 279 279 278 278 .278
0.7 | 306 278 .267 .26l 250 249 249 248 247 247 247 247 .246
0.8 | 285 254 241 234 221 .220 220 219 .218 218 218 217 217
0.9 267 232 217 210 195 194 0193 192 191 191 .191 .190 .190
L0 250 211 .196 (187 A70 .169 169 (168 .167 .167 .166 .166 .165
1.1 235 (193 176 .167 149 147 146 146 144 144 144 143 143
1.2 | 221 .177 .158 .148 129 128 127 .126 .124 124 .124 123 .123
13 | 209 .162 .142 .132 A1 .10 .109 .108 .107 .107 .106 .105 .105
14 | .197 .148 .128 .117 096 095 093 092 .091 091 090 .090 089
1.5 87 136 .115 .104 082 .081 .080 .079 .077 .077 077 .076 .075
1.6 178 .125 .104 092 085 .080 .077 .074 .072 .070 .069 068 067 .065 .065 065 .064 .064
1.7 169 .116 .094 082 075 070 .065 .064 062 060 .059 057 056 .055 .055 054 054 .053
1.8 | .161 .107 073 066 061 057 055 .053 .051 .050 .049 .48 046 .046 045 .045 044
1.9 | .154 .099 065 058 053 .050 .047 045 .043 042 041 040 .038 .038 038 .037 .037
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oa—t

Table A.5 Critical Values for t Distributions

o
v N .10 05 025 01
1 6.314 31.821
2 2.920 6.965
3 2353 4541
4 2,132 3747
5 2015 3.365
6 1.943 3.143
7 1.895 2.998
8 1.860
9 1.833
10 1.812
1 1.796
12 1.782
3 1.77
14 1.761

1.740

t, density curve
"

#

Shaded area = a

005

63.657
9.925
5.841
4.604
1.032
3.707
3.499
3.355
3.250
3.169
3.106
3.055
3.012
2.977
2.947
2921

2.898

3.733
3.686
3.046

0005

636.62
31.598
12.924

3.610
6.869
5.959
5.408
5.041

4.781

4.587
4,437
4.318
4.221

4.140
4.073
4015
3.965




Confidence intervals

Let ¥ and 5 be the sample mean and sample standard deviation computed
from the results of a random sample from a normal population with mean u.
Then a 1001 — @)% confidence interval for u, the one-sample ¢ CI, is

5

5
(j —fajan-1- V_/?—I'--f T lajzm-1 ﬁ) [8]'5)
or, more compactly, T+ £, 1 - 5/\/n.
An upper confidence bound for w is
5

Jn

and replacing + by — in this latter expression gives a lower confidence
bound for g; both have confidence level 100(1 — x)%.

Xty -
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Prediction intervals

X — Xn+1

Sy/1+1

follows the standard normal distribution A/(0,1).

A prediction interval (PI) for a single observation to be selected from a
normal population distribution is

! 1
X tyan1 'SV 1 +; (Slﬁj

The prediction level is 100(1 — a)%.
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Section 6.4: Distributions based on a normal random sample

@ The Chi-squared distribution
@ The t distribution
@ The F Distribution
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Chi-squared distribution

The pdf of a Chi-squared distribution with degree of freedom v,
denoted by X2, is

1 1 )
fe = eyt x>0
0 x<0

filx) .
0.5

0.4
0.3
nat /o

0.1

.0
(
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Why is Chi-squared useful?

If Z has standard normal distribution Z(0,1) and X = Z?, then X

has Chi-squared distribution with 1 degree of freedom, i.e. X ~ x?2
distribution.

If X1 ~ X12/1' Xp ~ X12/2 and they are independent, then

Xl + X2 ~ Xl2/1+l/2
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Why is Chi-squared useful?

Proposition

If 21,2, ..., Z, are independent and each has the standard normal
distribution, then

Vi b s T
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Why is Chi-squared useful?

If X1,Xa,..., X, is a random sample from the normal distribution

N (i, 0?), then
2

S
(n— 1); ~ X1
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t distributions

Let Z be a standard normal rv and let X be a x2 rv independent
of Z. Then the t distribution with degrees of freedom v is defined
to be the distribution of the ratio

Z

VX /v

T =
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t distributions

When X is the mean of a random sample of size n from a normal
distribution with mean p, the rv

X —p
S/Vn

has the t distribution with n — 1 degree of freedom (df).

Hint: 52
Z 2
= T/u (n— 1); Xn—1
and _ _
X—p X—p 1

SV oV - 1S - 1)
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Cls for variance and standard deviation
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Why is Chi-squared useful?

If X1,Xa,..., X, is a random sample from the normal distribution

N (i, 0?), then
2

S
(n— 1); ~ X1
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Important: Chi-squared distribution are not symmetric

Each shaded
a b area = .01

™ Shaded area = o

*,
5,
e
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Cls for standard deviation

We have

(n — 1)

2 =1 =
il (:x'x.-"l.n ]) =1 o

P(ﬁ; x/2n l<

Play around with these inequalities:

(n.‘— 1)§% cot< [n - 1)82
x;(,-"l.fl 1 Y4l x/2n—1
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Cls for standard deviation

A 100(1 — a)% confidence interval for the variance o of a normal
population has lower limit

[:R - l}sszxfc.-'ln 1
and upper limit
[?i - ]}:zf,x;‘ af2m—1

A confidence interval for o has lower and upper limits that are the square
roots of the corresponding limits in the interval for o
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Practice problems
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Example 1

Problem

Here are the alcohol percentages for a sample of 16 beers:

4.68 4.13 4.80 4.63 5.08 5.79 6.29 6.79
493 4.25 5.70 4.74 5.88 6.77 6.04 4.95

(a) Assume the distribution is normal, construct the 95%
confidence interval for the population mean.
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oa—t

Table A.5 Critical Values for t Distributions

o
v N .10 05 025 01
1 6.314 31.821
2 2.920 6.965
3 2353 4541
4 2,132 3747
5 2015 3.365
6 1.943 3.143
7 1.895 2.998
8 1.860
9 1.833
10 1.812
1 1.796
12 1.782
3 1.77
14 1.761

1.740

t, density curve
"

#

Shaded area = a

005

63.657
9.925
5.841
4.604
1.032
3.707
3.499
3.355
3.250
3.169
3.106
3.055
3.012
2.977
2.947
2921

2.898

3.733
3.686
3.046

0005

636.62
31.598
12.924

3.610
6.869
5.959
5.408
5.041

4.781

4.587
4,437
4.318
4.221

4.140
4.073
4015
3.965




Example 1b

Problem

Here are the alcohol percentages for a sample of 16 beers:

4.68 4.13 4.80 4.63 5.08 5.79 6.29 6.79
493 4.25 5.70 4.74 5.88 6.77 6.04 4.95

(b) Assume the distribution is normal, construct the 95% lower
confidence bound for the population mean.
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Example 1c

Problem
Here are the alcohol percentages for a sample of 16 beers:

4.68 4.13 4.80 4.63 5.08 5.79 6.29 6.79
4.93 4.25 5.70 4.74 5.88 6.77 6.04 4.95

(b) Assume that another beer is sampled from the same
distribution, construct the 95% prediction interval for the alcohol
percentages of that beer.
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Example 2

Problem

Suppose that against a certain opponent, the number of points a

basketball team scores is normally distributed with unknown mean
w and unknown variance o®. Suppose that over the course of the

last 10 games, the team scored the following points:

59, 62, 59, 74, 70, 61, 62, 66, 62, 75

e Construct a 95% confidence interval for .

o Now suppose that you learn that c® = 25. Construct a 95%
confidence interval for y. How does this compare to the
interval in (a)?
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Example 3

Problem

A study of the ability of individuals to walk in a straight line
reported the accompanying data on cadence (strides per second)
for a sample of n = 20 randomly selected healthy men. Assuming
that the distribution is normal:

e Calculate a 95% confidence interval for population mean
cadence

o Calculate and interpret a 95% prediction interval for the
cadence of a single individual randomly selected from this
population.
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