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Week 1: Probability review
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Random variable

Definition

Let S be the sample space of an experiment. A real-valued
function X : S → R is called a random variable of the experiment.
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Discrete random variables
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Discrete random variable

Definition

A random variables X is discrete if the set of all possible values of
X

is finite

is countably infinite
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Discrete random variable

A random variable X is described by its probability mass function
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Represent the probability mass function

As a table

As a function:

p(x) =

{
1
2

(
2
3

)x
if x = 1, 2, 3, . . . ,

0 elsewhere
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Expectation

The expected value of a random variable X is also called the mean,
or the mathematical expectation, or simply the expectation of
X. It is also occasionally denoted by E [X ], E (X ), EX , µX , or µ.
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Law of the unconscious statistician (LOTUS)
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Exercise

Problem

A random variable X has the following pmf table

X 0 1 2

probability 0.25 0.5 0.25

What is E [X 2 − X ]?

Compute Var [X ]

Var [X ] = E [(X − E [X ])2] = E [X 2]− (E [X ])2
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Continuous random variables
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Continuous random variable

Definition

Let X be a random variable. Suppose that there exists a
nonnegative real-valued function f : R→ [0,∞) such that for any
subset of real numbers A, we have

P(X ∈ A) =

∫
A
f (x)dx

Then X is called absolutely continuous or, for simplicity,
continuous. The function f is called the probability density
function, or simply the density function of X.

Whenever we say that X is continuous, we mean that it is
absolutely continuous and hence satisfies the equation above.
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Properties

Let X be a continuous r.v. with density function f , then

f (x) ≥ 0 for all x ∈ R∫∞
−∞ f (x) dx = 1

For any fixed constant a, b,

P(a ≤ X ≤ b) =

∫ b

a
f (x) dx
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Expectation
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Lotus
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Example

Problem

Let X be a continuous r.v. with density function

f (x) =

{
2x if x ∈ [0, 1]

0 otherwise

where c is some unknown constant.

Compute P(X ∈ [0.25, 0.75])

Compute E [X ] and Var(X ).
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Distribution function

Definition

If X is a random variable, then the function F defined on (−∞,∞)
by

F (t) = P(X ≤ t)

is called the distribution function of X .
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Distribution function

For continuous random variable:

F (t) = P(X ≤ t) =

∫
(−∞,t]

f (x)dx

=

∫ t

−∞
f (x)dx
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Distribution function

For continuous random variable:

P(a ≤ X ≤ b) =

∫ b

a
f (x) dx = F (b)− F (a)

Moreover:
f (x) = F ′(x)
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Normal random variables

Reading: 4.3
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N (µ, σ2)

E (X ) = µ,Var(X ) = σ2

MATH 450: Mathematical statistics



N (µ, σ2)

E (X ) = µ, Var(X ) = σ2

Density function

f (x , µ, σ) =
1√

2πσ2
e−

(x−µ)2

2σ2
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Standard normal distribution N (0, 1)

If Z is a normal random variable with parameters µ = 0 and
σ = 1, then the pdf of Z is

f (z) =
1√
2π

e−
z2

2

and Z is called the standard normal distribution

E (Z ) = 0, Var(Z ) = 1
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Φ(z)

Φ(z) = P(Z ≤ z) =

∫ z

−∞
f (y) dy
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Φ(z)
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Exercise 1

Problem

Let Z be a standard normal random variable.
Compute

P[Z ≤ 0.75]

P[Z ≥ 0.82]

P[1 ≤ Z ≤ 1.96]

P[Z ≤ −0.82]

Note: The density function of Z is symmetric around 0.
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Exercise 2

Problem

Let Z be a standard normal random variable. Find a, b such that

P[Z ≤ a] = 0.95

and
P[−b ≤ Z ≤ b] = 0.95
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N (µ, σ2)

E (X ) = µ, Var(X ) = σ2

Density function

f (x , µ, σ) =
1√

2πσ2
e−

(x−µ)2

2σ2
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Shifting and scaling normal random variables

Problem

Let X be a normal random variable with mean µ and standard
deviation σ.
Then

Z =
X − µ
σ

follows the standard normal distribution.
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Shifting and scaling normal random variables
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Exercise 3

Problem

Let X be a N (3, 9) random variable. Compute P[X ≤ 5.25].
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Descriptive statistics
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1.3: Measures of locations

The Mean

The Median

Trimmed Means
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Measures of locations: mean
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Measures of locations: median

Step 1: ordering the observations from smallest to largest

Median is not affected by outliers
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Measures of locations: trimmed mean

A α% trimmed mean is computed by:

eliminating the smallest α% and the largest α% of the sample
averaging what remains

α = 0 → the mean

α ≈ 50 → the median
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Measures of variability: deviations from the mean
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Working with vectors in R

manually create a vector a with entry values

a = c(1, 2, 6, 8, 5, 3,−1, 2.1, 0)

create a zero vector with length n = 25

a = rep(0, 25)

a[i ] is the i th element of a

manipulate all entries at the same time using ’for’ loop
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Boxplots
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Boxplots
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Boxplot with outliers
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Comparative boxplots
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