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Distributions

Week 4 · · · · · ·• Chapter 7: Point Estimation

Week 7 · · · · · ·• Chapter 8: Confidence Intervals

Week 10 · · · · · ·• Chapter 9: Tests of Hypotheses

Week 12 · · · · · ·• Chapter 10: Two-sample testing

Week 14 · · · · · ·• Regression

MATH 450: Mathematical statistics



Overview

9.1 Hypotheses and test procedures

test procedures
errors in hypothesis testing
significance level

9.2 Tests about a population mean

9.4 P-values

9.3 Tests concerning a population proportion

9.5 Selecting a test procedure
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Section 9.1: Hypotheses and test procedures

null hypothesis

alternative hypothesis

test statistic

rejection region

type I error

type II error
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A statistical hypothesis

is a claim or assertion either about

the value of a single parameter [Chapter 9]

the values of several parameters [Chapter 10]

the form of an entire probability distribution [Chapter 13]
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Hypothesis testing

In any hypothesis-testing problem, there are two contradictory
hypotheses under consideration

The null hypothesis, denoted by H0, is the claim that is
initially assumed to be true

The alternative hypothesis, denoted by Ha, is the assertion
that is contradictory to H0.

The null hypothesis will be rejected in favor of the alternative
hypothesis only if sample evidence suggests that H0 is false.

If the sample does not strongly contradict H0, we will
continue to believe in the probability of the null hypothesis.
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Hypothesis testing

The two possible conclusions from a hypothesis-testing analysis are
then

reject H0 or

fail to reject H0
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Hypothesis testing: an anology

In a criminal trial, there are to contradictory assertions

the accused individual is innocent

the accused individual is guilty

→ the claim of innocence is the favored or protected hypothesis
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Hypothesis testing: example

Setting: Suppose a company is considering putting a new additive
in the dried fruit that it produces The true average shelf life with
the current additive is known to be 200 days. With µ denoting the
true average life for the new additive, the company would not want
to make a change unless evidence strongly suggested that µ
exceeds 200.

Null hypothesis:
H0 : µ = 200

Alternative hypothesis:

Ha : µ > 200
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Hypothesis testing: example

Before agreeing to purchase a large order of polyethylene sheaths
for a particular type of high-pressure oil-filled submarine power
cable, a company wants to see conclusive evidence that the true
standard deviation of sheath thickness is less than .05 mm.
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Hypothesis testing: example

Before agreeing to purchase a large order of polyethylene
sheaths for a particular type of high-pressure oil-filled
submarine power cable, a company wants to see conclusive
evidence that the true standard deviation of sheath thickness
is less than .05 mm.

Null hypothesis:
H0 : σ = 0.05

Alternative hypothesis:

Ha : σ < 0.05
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Implicit rules (of this chapter)

H0 will always be stated as an equality claim.

If θ denotes the parameter of interest, the null hypothesis will
have the form

H0 : θ = θ0

where θ0 is a specified number called the null value of the
parameter.
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Implicit rules (of this chapter)

The alternative to the null hypothesis H0 : θ = θ0 will look like one
of the following three assertions:

Ha : θ > θ0

Ha : θ < θ0

Ha : θ 6= θ0

MATH 450: Mathematical statistics



Hypothesis testing: example

The drying time of a certain type of paint under specified test
conditions is known to be normally distributed with mean
value 75 min and standard deviation 9 min.

Chemists have proposed a new additive designed to decrease
average drying time.

It is believed that drying times with this additive will remain
normally distributed with σ = 9.

Because of the expense associated with the additive, evidence
should strongly suggest an improvement in average drying
time before such a conclusion is adopted.

Construct the null and alternative hypothesis.
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Test procedures
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Test procedures

A test procedure is specified by the following:

A test statistic T : a function of the sample data on which the
decision (reject H0 or do not reject H0) is to be based

A rejection region R: the set of all test statistic values for
which H0 will be rejected

The null hypothesis will then be rejected if and only if the observed
or computed test statistic value falls in the rejection region, i.e.,
T ∈ R
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Hypothesis testing: example

The drying time of a certain type of paint follow N (75, 92)

Chemists have proposed a new additive designed to decrease
average drying time. It is believed that drying times with this
additive follows N (µ, 92).

H0 : µ = 75

Ha : µ < 75

Experimental data is to consist of drying times from n = 25
test specimens: X1,X2, . . . ,X25.

My rule:

Compute x̄
If x̄ ≤ 70.8, reject H0. If not, fail to reject H0

→ this is a test procedure
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Question

Given a test procedure, how do we quantify how good the test is?
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Errors in Hypothesis Testing
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Type I and Type II errors

A type I error consists of rejecting the null hypothesis H0

when it is true

A type II error involves not rejecting H0 when H0 is false.
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Type I and Type II errors
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Type I error: example

It is believed that drying times of an additive follows N (µ, 92).

Test of hypotheses:

H0 : µ = 75

Ha : µ < 75

Experimental data is to consist of drying times from n = 25
test specimens: X1,X2, . . . ,X25.

My rule:

Compute x̄
If x̄ ≤ 70.8, reject H0.

Question: What is the probability of making type I error when
using this test procedure?
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Type I error: example

It is believed that drying times of an additive follows N (µ, 92).

Test of hypotheses:

H0 : µ = 75

Ha : µ < 75

n = 25. My rule: If x̄ ≤ 70.8, reject H0.

Question: What is the probability of type I error?

α = P[Type I error]

= P[H0 is rejected while it is true]

= P[X̄ ≤ 70.8 while µ = 75]

=?
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Type II error: example

It is believed that drying times of an additive follows N (µ, 92).

Test of hypotheses:

H0 : µ = 75

Ha : µ < 75

n = 25. My rule: If x̄ < 70.8, reject H0.

Question: What is the probability of type II error if µ = 72?

β(72) = P[Type II error when µ = 72]

= P[H0 is not rejected while it is false because µ = 72]

= P[X̄ > 70.8 while µ = 72]

= P[X̄ < 70.8 while X̄ ∼ N (72, 1.82)]

= 0.7486
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Type II error: example

Test of hypotheses:

H0 : µ = 75

Ha : µ < 75

n = 25. My rule: If x̄ < 70.8, reject H0.

Question: What is the probability of type II error if µ = 70?
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Type I and Type II errors

β(72) = 0.7486

β(70) = 0.33

β(67) = 0.0174
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Practice
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Type I error

Test of hypotheses:

H0 : µ = 75

Ha : µ < 75

Experimental data is to consist of drying times from n = 25
test specimens: X1,X2, . . . ,X25.

New rule:

Compute x̄
If x̄ ≤ 72, reject H0.

Question: What is the probability of type I error?
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Φ(z)
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Type I error: example

Test of hypotheses:

H0 : µ = 75

Ha : µ < 75

n = 25. New rule: If x̄ ≤ 72, reject H0.

Question: What is the probability of type I error?

α = P[Type I error]

= P[H0 is rejected while it is true]

= P[X̄ ≤ 72 while µ = 75]

= P[X̄ ≤ 72 while X̄ ∼ N (75, 1.82)] = 0.0475
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Type II error

Test of hypotheses:

H0 : µ = 75

Ha : µ < 75

Experimental data is to consist of drying times from n = 25
test specimens: X1,X2, . . . ,X25.

New rule:

Compute x̄
If x̄ ≤ 72, reject H0.

Question: What are β(70)?
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Φ(z)
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Type II error

Test of hypotheses:

H0 : µ = 75

Ha : µ < 75

n = 25. New rule: If x̄ ≤ 72, reject H0.

β(70) = P[Type II error when µ = 70]

= P[H0 is not rejected while it is false because µ = 70]

= P[X̄ > 72 while µ = 70]

= P[X̄ < 72 while X̄ ∼ N (70, 1.82)] = 0.1335
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α− β compromise

Proposition

Suppose an experiment and a sample size are fixed and a test
statistic is chosen. Then decreasing the size of the rejection region
to obtain a smaller value of α results in a larger value of β for any
particular parameter value consistent with Ha.
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Significance level

The approach adhered to by most statistical practitioners is

specify the largest value of α that can be tolerated

find a rejection region having that value of α rather than
anything smaller

the resulting value of α is often referred to as the significance
level of the test

the corresponding test procedure is called a level α test
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Significance level: example

Test of hypotheses:

H0 : µ = 75

Ha : µ < 75

n = 25. New rule: If x̄ ≤ c , reject H0.

Find the value of c to make this a level 0.1 test
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