
MATH 205: Statistical methods

November 3rd, 2021

Lecture 17: Confidence intervals (cont)



Announcements

• Homework due next Wednesday

• Quiz next Monday (Confidence intervals)



Chapter 6: Samples and Populations

6.1 The Sample Mean

6.2 Confidence Intervals



Random sample

Definition
The random variables X1,X2, ...,Xn are said to form a (simple)
random sample of size n if

1. the Xi ’s are independent random variables

2. every Xi has the same probability distribution



Mean and variance of the sample mean

Theorem
Given independent random samples X1,X2, ...,Xn from a
distribution with mean µ and standard deviation σ, the mean is
modeled by a random variable X̄ ,

X̄ =
X1 + X2 + . . .+ Xn

n

Then
E [X̄ ] = µ

and

Var(X̄ ) =
σ2

n



Law of large numbers
Let X1,X2, . . . ,Xn be a random sample from a distribution with
mean µ and variance σ2. Then

X̄ → µ

as n approaches infinity



The Central Limit Theorem

Theorem
Let X1,X2, . . . ,Xn be a random sample from a distribution with
mean µ and variance σ2. Then, in the limit when n→∞, the
standardized version of X̄ have the standard normal distribution

lim
n→∞

P
(
X̄ − µ
σ/
√
n
≤ z

)
= P[Z ≤ z ] = Φ(z)

Rule of Thumb:

If n > 30, the Central Limit Theorem can be used for computation.



Assumption: Normal distribution with known σ

• Using [
X̄ − 1.96

σ√
n
, X̄ + 1.96

σ√
n

]
as a range to estimate µ is correct 95% of the time.

• If after observing X1 = x1, X2 = x2,. . . , Xn = xn, we compute
the observed sample mean x̄ . Then(

x̄ − 1.96
σ√
n
, x̄ + 1.96

σ√
n

)
is a 95% confidence interval of µ



z-critical value



100(1− α)% confidence interval



100(1− α)% confidence interval



Interpreting confidence intervals

95% confidence interval: If we repeat the experiment many times,
the interval contains µ about 95% of the time



Probability → Confidence

• Writing
P[µ ∈ (X̄ − 1.7, X̄ + 1.7)] = 95%

is okay.

• If x̄ = 2.7, writing

P[µ ∈ (1, 4.4)] = 95%

is NOT correct.

• Saying µ ∈ (1, 4.4) with confidence level 95% is good.



CIs vs. one-sided CIs

CIs:

• 100(1− α)% confidence(
x̄ − zα/2

σ√
n
, x̄ + zα/2

σ√
n

)
• 95% confidence(

x̄ − 1.96
σ√
n
, x̄ + 1.96

σ√
n

)

One-sided CIs:

• 100(1− α)% confidence(
−∞, x̄ + zα

σ√
n

)
• 95% confidence(

−∞, x̄ + 1.64
σ√
n

)



Confidence level

Problem
Determine the confidence level for each of the following
large-sample confidence intervals/bounds:

(a) x̄ + 0.84σ/
√
n

(b)
(
x̄ − 0.84σ/

√
n, x̄ + 0.84σ/

√
n
)

(c) x̄ − 2.05σ/
√
n



Φ(z)



Assumptions

• So far
• Normal distribution
• σ is known

• Large-sample setting
• Normal distribution
→ use Central Limit Theorem → needs n > 30

• σ is known
→ replace σ by s → needs n > 40



Measures of Variability: deviations from the mean

Given a data set x1, x2, . . . , xn, the sample standard deviation,
denoted by s, is given by

s =

√∑n
i=1 (xi − x̄)2

n − 1



Principles

• Central Limit Theorem
X̄ − µ
σ/
√
n

is approximately normal when n > 30

• Moreover, when n is sufficiently large s ≈ σ
• Conclusion:

X̄ − µ
s/
√
n

is approximately normal when n is sufficiently large

If n > 40, we can ignore the normal assumption and replace σ
by s



95% confidence interval

If after observing X1 = x1, X2 = x2,. . . , Xn = xn (n > 40), we
compute the observed sample mean x̄ and sample standard
deviation s. Then (

x̄ − 1.96
s√
n
, x̄ + 1.96

s√
n

)
is a 95% confidence interval of µ



100(1− α)% confidence interval

If after observing X1 = x1, X2 = x2,. . . , Xn = xn (n > 40), we
compute the observed sample mean x̄ and sample standard
deviation s. Then (

x̄ − zα/2
s√
n
, x̄ + zα/2

s√
n

)
is a 95% confidence interval of µ



One-sided CIs



Example

Example

A random sample of 50 patients who had been seen at an
outpatient clinic was selected, and the waiting time to see a
physician was determined for each one, resulting in a sample mean
time of 40.3 min and a sample standard deviation of 28.0 min.

• Construct an 95% confidence interval of the true average
waiting time.

• Assuming it is known that the true standard deviation of the
waiting time is 27 min, construct an 95% confidence interval
of the true average waiting time.


