MATH 205: Statistical methods

Lecture 24: Confidence intervals of the population mean



The story so far...
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Random sample

Probability
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~__ Inferential
statistics

Definition
The random variables Xi, Xz, ..., X, are said to form a (simple)
random sample of size n if

1. the X;'s are independent random variables

2. every X; has the same probability distribution



Linear combination of random variables

Theorem
Let X1, Xa, ..., X, be independent random variables (with possibly
different means and/or variances). Define

T=a1 X1 +aXo+...4+a,X,

then the mean and the standard deviation of T can be computed
by

® E(T) = alE(Xl) + agE(XQ) + ...+ a,,E(X,,)

® Var(T) = a?Var(X1) + a3Var(X2) + ... + a2 Var(X,)
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Linear combination of normal random variables

Theorem
Let X1, Xa, ..., X, be independent normal random variables (with
possibly different means and/or variances). Then

T=a1 X1+ aXo+...a,X,

also follows the normal distribution with
° E(T) = alE(Xl) + azE(Xz) +...+ a,,E(X,,)
® Var(T) = a?Var(X1) + a3Var(Xz) + ... + a2 Var(X,)



Mean and variance of the sample mean

Theorem
Given independent random samples X1, X5, ..., X, from a

distribution with mean y and standard deviation o, the mean is
modeled by a random variable X,

X1+ X0+ ...+ X,

n

X =

Then B
E[X] = p

and )
. o

Var(X) = —

ar(X) p



Law of large numbers

Let X1, X5,..., X, be a random sample from a distribution with
mean p and variance 0. Then

X = pu

as n approaches infinity
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The Central Limit Theorem

Theorem

Let X1, Xo,...,X, be a random sample from a distribution with
mean p and variance o2. Then, in the limit when n — oo, the X
follows normal distribution.

Recall that

= o
E[X] - ,U,, 0)_( - ﬁ?
this means we have _
X —p
o/\/n

follows the standard normal distribution.
Rule of Thumb:

If n > 30, the Central Limit Theorem can be used for computation.



Confidence intervals of the population mean
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Pedal Force

A good prediction comes with a range
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A good prediction comes with a range
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Tropical Storm Zeta Current information: x  Forecast positions:
Monday October 26, 2020 Center location 19.3N 85.6 W @ Tropical Cyclone O PostPotential TG
1 PM CDT Intermediate Advisory 8A Maximum sustained wind 70 mph  Sustained winds: D < 39 mph
NWS National Hurricane Center Movement NW at 10 mph $§39-73 mph H74-110 mph M > 110 mph
Potential track area: ~ Watches: Warnings: Current wind extent:
\oay 13 CER0ay45 Hurricane  TropStm  [MlHurricane MM Trop Stm Ml Hurricane [ Trop Stm

A 70% confidence region of the path of a hurricane.




Confidence

Assume that you have been using an Al to predict the stock
price of Microsoft every day in the last few years

The prediction comes as a range, e.g., [295, 305]
The algorithm, on average, is correct 95 out of 100 days

Then we say that a prediction from this Al has a confidence of
95%



Confidence interval: Example 1

Problem

Suppose the sediment density (g/cm) of a randomly selected
specimen from a certain region is normally distributed with mean p
(unknown) and standard deviation o = 0.85. A random sample of
n = 25 specimens is selected with sample average X.

Find a number c such that

X —p
Pl ~0.95
C<0/ﬁ<c




Confidence interval

® \We have

[ 196<§/\f

® Rearranging the inequalities gave

< L. 96} =0.95

—_ o — g
PIX—-1906—<4u<X+4+196—| =0.95
[ JnSHEAT ﬁ]

® This means that if you use

[X—196 , X +1.96

i 7

as a range to estimate pu, then you are correct 95% of the
time.



Normal distribution with know o

® Using

- o - o
X—-196—,X+196—
[ 96ﬁ’ + 96ﬁ]

as a range to estimate p is correct 95% of the time.

o |f after observing X1 = x1, Xo = xo,..., X, = x,, we compute
the observed sample mean X. Then

g g
X —196—,x+1.96—
(X N ﬁ)

is a 95% confidence interval of u



z-critical value

NOTATION z,, will denote the value on the measurement axis for which o of the area under
the z curve lies to the right of z,. (See Figure 4.19.)

For example, z, captures upper-tail area .10 and z,, captures upper-tail
area .01.

z curve Shaded area = P(Z>z,) = o

Za
Figure 4.19 z, notation illustrated

Since o of the area under the standard normal curve lies to the right of z,, 1 —
of the area lies to the left of z,,. Thus z,, is the 100(1 — a)th percentile of the standard
normal distribution. By symmetry the area under the standard normal curve to the
left of —z, is also «. The z,’s are usually referred to as z eritical values. Table 4.1
lists the most useful standard normal percentiles and z, values.



100(1 — «)% confidence interval

Figure 8.4 P(-z,,=<Z=<12z,)=1—a



100(1 — «)% confidence interval

A 100(1 — a)% confidence interval for the mean p of a normal population when
the value of o is known is given by

o o .
(x - Zmz'ﬁ,x + Za_.'z'E) (8.5)

or, equivalently, by X = 7,5+ o/ V.



Interpreting confidence intervals

True value of n
Interval

number l
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95% confidence interval: If we repeat the experiment many times,
the interval contains u about 95% of the time



Interpreting confidence intervals

Writing B B
Plpe (X —1.7,X +1.7)] = 95%
is okay.

If X = 2.7, writing
Plu € (1,4.4)] = 95%

is NOT correct.
Saying p € (1,4.4) with confidence level 95% is good.

Saying "“if we repeat the experiment many times, the interval
contains p about 95% of the time” is perfect.



Example

Example
Assume that the helium porosity (in percentage) of coal samples
taken from any particular seam is normally distributed with true
standard deviation o = .75.
e Compute a 95% Cl for the true average porosity of a certain
seam if the average porosity for 20 specimens from the seam
was 4.85.
® How large a sample size is necessary if the width of the 95%
interval is to be .407



One-sided Cls (Confidence bounds)
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Example 1b: One-sided confidence interval

Problem

Suppose the sediment density (g/cm) of a randomly selected
specimen from a certain region is normally distributed with mean p
(unknown) and standard deviation o = 0.85. A random sample of
n = 25 specimens is selected with sample average X.

Find a number b such that

P[)o?/f }—095



Cls vs. one-sided Cls

Cls: One-sided Cls:
® 100(1 — )% confidence ® 100(1 — )% confidence
- g _ g _ o
R0 (Fomn )
® 95% confidence ® 95% confidence

g g g
X —1.96—,x + 1.96— — X+ 1.64—
<X N ﬁ) ( T ﬁ)



