
MATH 205: Statistical methods

Lecture 29: Significance of Evidence



Announcement

• Next lecture (Monday): Quiz 4



Chapter 7: Significance of evidence

7.1 Significance and p-value

7.2 Comparing the mean of two populations



Last week

Example

A sample of 66 obese adults was put on a low-carbohydrate diet
for a year. The (sample) average weight loss was 7.7 lb and the
sample standard deviation was 19.1 lb. Calculate a 99% lower
confidence bound for the true average weight loss.

Question: How confident are you in the statement that the diet is
effective?



Last week

• Idea: Construct the largest confidence interval Imax that
doesn’t contain 0

0 6∈ (x̄ − zα
s√
n
,∞)

• That corresponds to

x̄ = zα
s√
n

or

zα =
x̄

s/
√
n

• (Informally) 1− α will be referred to as the p − value



Hypothesis testing

In a hypothesis-testing problem, there are two contradictory
hypotheses under consideration

• The null hypothesis, denoted by H0, is the claim that is
initially assumed to be true

• The alternative hypothesis, denoted by Ha, is the assertion
that is contradictory to H0.

• The null hypothesis will be rejected in favor of the alternative
hypothesis only if sample evidence suggests that H0 is false.

• If the sample does not strongly contradict H0, we will
continue to believe in the probability of the null hypothesis.



Hypothesis testing: an analogy

In a criminal trial, there are to contradictory assertions

• the accused individual is innocent

• the accused individual is guilty

→ the claim of innocence is the favored or protected hypothesis



Hypothesis testing: example

• suppose a company is considering putting a new additive in
the dried fruit that it produces

• the true average shelf life with the current additive is known
to be 200 days

• With µ denoting the true average life for the new additive, the
company would not want to make a change unless evidence
strongly suggested that µ exceeds 200

• Null hypothesis:
H0 : µ = 200

• Alternative hypothesis:

Ha : µ > 200



Test about a population mean

• Null hypothesis
H0 : µ = µ0

• The alternative hypothesis will be either:
• Ha : µ > µ0

• Ha : µ < µ0

• Ha : µ 6= µ0



Example 1

Problem
The drying time of a certain type of paint under specified test
conditions is known to be normally distributed with mean value 75
min and standard deviation 9 min. Chemists have proposed a new
additive designed to decrease average drying time. It is believed
that drying times with this additive will remain normally
distributed with σ = 9. Because of the expense associated with the
additive, evidence should strongly suggest an improvement in
average drying time before such a conclusion is adopted.



Test about a population mean

• Imagine we hypothesize that the average human body
temperature is 94F.

• We collect temperature measurements from a random sample
of n people.

• The mean of this sample is unlikely to be 94F.

• We must now find what caused the difference between the
sample mean and the value we hypothesized.



Test about a population mean

• Two possibilities:
• The hypothesis might be wrong.
• It could be right, and the difference might just be because the

sample is randomly chosen.

• One strategy is to construct an interval around the sample
mean within which the true value will lie for (say) 99% of
possible samples.
• If 94 is outside that interval, then:

• the sample we obtained is inconsistent with the idea that the
average human body temperature is 94F

• if you want to believe the average human body temperature is
94F, you have to believe that you obtained a very odd sample.



”Proof by contradiction”

Ideas:

• Assume that a statement is true

• we then prove that this leads to a contradiction

• thus, we deduce that the original statement is wrong



Statistical “Proof by contradiction”

Ideas:

• Assume that a hypothesis (the null hypothesis) is true

• We ask ourselves, what is the probability that we’ll see a
dataset as contradictory as (or more contradictory than) the
current one?

• That probability is referred to as the p-value (also called
observed significance level) of the test

• If the p-value is less than a predetermined threshold (called
significant level, often denoted by α), then we reject the null
hypothesis

Note: ”contradictory” is a relative concept and is reflected through
the alternative hypothesis



z-test

• Given a random sample of size n from a distribution with
mean µ (unknown) and either
• the distribution is normal and population standard deviation σ

is known, or
• sample size n > 40

• Assume that the data is collected with the measured sample
mean x̄ and we want to test

H0 : µ = µ0

Ha : µ < µ0



z-test: normal distribution with known σ

• If the null hypothesis µ = µ0 is true, then Xi ∼ N(µ0, σ
2)

• A sample would be more contradictory to the null hypothesis
than the current sample we have if

X̄ ≤ x̄ or
X̄ − µ0
σ/
√
n
≤ x̄ − µ0

σ/
√
n

• Thus, the p-value in this case is

P

[
Z ≤ x̄ − µ0

σ/
√
n

]
= Φ

(
x̄ − µ0
σ/
√
n

)



P-values for z-tests



Practice problem

Problem
The target thickness for silicon wafers used in a certain type of
integrated circuit is 245 µm. A sample of 50 wafers is obtained
and the thickness of each one is determined, resulting in a sample
mean thickness of 246.18 µm and a sample standard deviation of
3.60 µm.
At signififcant level α = 0.01, does this data suggest that true
average wafer thickness is something other than the target value?



Φ(z)



P-values for z-tests



P-values for z-tests



Practice problem

Problem
The target thickness for silicon wafers used in a certain type of
integrated circuit is 245 µm. A sample of 50 wafers is obtained
and the thickness of each one is determined, resulting in a sample
mean thickness of 246.18 µm and a sample standard deviation of
3.60 µm.
Does this data suggest that true average wafer thickness is larger
than the target value? Carry out a test of significance at level .01
and provide the corresponding P-value.



Interpreting P-values

A P-value:

• is not the probability that H0 is true

• is not the probability of rejecting H0

• is the probability, calculated assuming that H0 is true, of
obtaining a test statistic value at least as contradictory to the
null hypothesis as the value that actually resulted



Problem 1


