
MATH450 Name (Print):
Instructor: Vu Dinh
Final examination
12/14/2018
Time Limit: 120 Minutes

This exam contains 8 pages: this cover page, 5 problems and 2 tables. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You may not use your books/notes on this exam. You may use calculator. You are allowed to
bring a one-sided A4-sized hand-written note as reference.

You are required to show your work on each problem on this exam. The following rules apply:

• Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat-
tered all over the page without a clear ordering
will receive very little credit.

• Mysterious or unsupported answers will not
receive full credit. A correct answer, unsup-
ported by calculations, explanation, or algebraic
work will receive no credit; an incorrect answer
supported by substantially correct calculations and
explanations might still receive partial credit.

Do not write in the table to the right.

Problem Points Score

1 40

2 40

3 40

4 40

5 40

Total: 200



MATH450 Final examination - Page 2 of 8 12/14/2018

1. Let X1 and X2 equal the number of pounds of butterfat produced by two Holstein cows (one
selected at random from those on the Koopman farm and one selected at random from those
on the Vliestra farm, respectively) during the 305-day lactation period following the births of
calves.

Assume that the distribution ofX1 isN (693.2, 22820) and the distribution ofX2 isN (631.7, 19205).
Moreover, let X1 and X2 be independent.

(a) (20 points) What is the distribution of T = X1 −X2?

(b) (20 points) Find P (X1 > X2).
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2. Let 0 < θ <∞ and X1, X2, . . . , Xn be a random sample from a distribution that has pdf

f(x; θ) =
1

θ
x1/θ−1, 0 < x < 1

(a) (20 points) Construct the maximum likelihood estimator θ̂ML of θ.

(b) (20 points) Show that E[θ̂ML] = θ and thus that θ̂ML is an unbiased estimator of θ.

(Hint: First, compute E[ln(Xi)] using the law of the unconscious statistician)
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3. (40 points) Let X and Y denote the tarsus lengths of male and female grackles, respectively.
Assume that X is N (µ1, σ

2
1) and Y is N (µ2, σ

2
2).

The collected data is as follows. For male grackles, m = 80 measurements are recorded,
with sample mean 28.25 and sample standard deviation 6.5. For female grackles, n = 74
measurements are taken, with sample mean 25.88 and sample standard deviation 9.18.

Test the null hypothesis H0 : µ1 = µ2 against Ha : µ1 6= µ2 with level of significance α = 0.05.
Provide the p-value of the test.
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4. In attempting to control the strength of the wastes discharged into a nearby river, a paper firm
has taken a number of measures on n = 20 consecutive days, for which the observed values of
the sample mean and sample standard deviation were x̄ = 308.8 and s = 115.15 (measured in
parts per million of permanganate). We assume that the strength of the wastes discharged by
the firm follows the normal distribution.

(a) (20 points) Construct the one-sided 99% upper confidence interval for µ

(b) (20 points) Members of the firm believe that they have reduced the oxygen-consuming
power of their wastes from a previous mean µ of 500.

Carry out a test of hypotheses with significance level α = 0.01 to decide whether the
collected data support this belief.
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5. (a) (20 points) Trace metals in drinking water affect the flavor and an unusually high con-
centration can pose a health hazard. Ten pairs of data were taken measuring zinc concen-
tration in bottom water and surface water:

Location 1 2 3 4 5 6 7 8 9 10

Bottom .430 .266 .567 .531 .707 .716 .651 .589 .469 .723

Surface .415 .238 .390 .410 .605 .609 .632 .523 .411 .612

Using significance level α = 0.05 and assuming that the data follows normal distribution,
does the data suggest that the true average concentration in the bottom water exceeds
that of surface water?

(b) (20 points) Suppose that for a parameter θ, X is the outcome of the roll of a four-sided
tetrahedral die with the following probability mass function

x 1 2 3 4

p(x) 3θ
4

θ
4

3(1−θ)
4

(1−θ)
4

Suppose the die is rolled 10 times with outcomes

4, 1, 2, 3, 1, 2, 3, 4, 2, 3

Use the method of moments to obtain an estimator of θ.
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