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Normal random variables

Reading: 4.3
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N (µ,σ2)

E(X)=µ,Var(X)=σ2
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N (µ,σ2)

E(X)=µ, Var(X)=σ2

Density function

f(x,µ,σ)= 1p
2πσ2

e− (x−µ)2
2σ2
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Standard normal distribution N (0,1)

If Z is a normal random variable with parameters µ= 0 and
σ= 1, then the pdf of Z is

f(z)= 1p
2π

e− z2
2

and Z is called the standard normal distribution

E(Z)= 0, Var(Z)= 1
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Φ(z)

Φ(z)=P(Z ≤ z)=
∫ z

−∞
f(y) dy
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Φ(z)
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Shifting and scaling normal random variables

Problem
Let X be a normal random variable with mean µ and standard
deviation σ.
Then

Z = X −µ

σ

ôŔřŹ follows the standard normal distribution.
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Shifting and scaling normal random variables
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Exercise 3

Problem

Let X be a N (3,9) random variable. Compute P[X ≤ 5.25].
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Linear combination of normal random variables

Theorem
Let X1,X2, . . . ,Xn be independent normal random variables (with
possibly different means and/or variances). Then

T = a1X1 +a2X2 + . . .+anXn

ôŔřŹ also follows the normal distribution.
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Linear combination of normal random variables

Theorem
Let X1,X2, . . . ,Xn be independent normal random variables (with
possibly different means and/or variances). Then

T = a1X1 +a2X2 + . . .+anXn

ôŔřŹ also follows the normal distribution.

What are the mean and the standard deviation of T?

E(T)= a1E(X1)+a2E(X2)+ . . .+anE(Xn)

σ2
T = a2

1σ
2
X1

+a2
2σ

2
X2

+ . . .+a2
nσ

2
Xn
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Example 1

Problem
Assume that

X1 ∼N (10,9) and X2 ∼N (30,16)

are independent.

What is the distribution of X1 −X2?
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Example 2

Problem
A concert has three pieces of music to be played before
intermission. The time taken to play each piece has a normal
distribution.
Assume that the three times are independent of each other. The
mean times are 15, 30, and 20 min, respectively, and the standard
deviations are 1, 2, and 1.5 min, respectively.

What is the distribution of the length of the concert?
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Working with R

Reading: 4.3

Vu Dinh MATH 450: Mathematical statistics



Working with vectors in R

manually create a vector a with entry values

a = c(1,2,6,8,5,3,−1,2.1,0)

create a zero vector with length n = 25

a = rep(0,25)

a[i] is the ith element of a

manipulate all entries at the same time using ’for’ loop
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Pictorial methods

Histograms

Boxplots
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1.3: Measures of locations

The Mean

The Median

Trimmed Means
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Measures of locations: mean
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Measures of locations: median

Step 1: ordering the observations from smallest to largest

Median is not affected by outliers
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Measures of locations: trimmed mean

A α% trimmed mean is computed by:
eliminating the smallest α% and the largest α% of the sample
averaging what remains

α= 0 → the mean

α≈ 50 → the median
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Measures of variability: deviations from the mean
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Measures of variability: deviations from the mean

Why squared? Because it is easier to do math with x2 than |x|
Why (n−1)? Because that makes s2 an unbiased estimator
of the population variance (Chapter 7)

Vu Dinh MATH 450: Mathematical statistics



Computing formula for s2
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Properties of the sample standard deviation

Vu Dinh MATH 450: Mathematical statistics



Boxplots
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Boxplots
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Boxplot with outliers
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Comparative boxplots
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Random sample

Experiment: throw a fair die 2 times

Before the experiment, denote the random variables that
describes the outcome of the first throw and the second
throws by X1 and X2, respectively

X1 and X2 have the same probability mass function

p(x)= 1/6, x = 1,2,3,4,5,6

Do the experiment, obtain outcomes x1 and x2

x1 may be different from x2
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Random sample

Definition
The random variables X1,X2, ...,Xn are said to form a random
sample of size n if

1 the Xi ’s are independent
2 every Xi has the same probability distribution

Each of the Xi ’s is called an instance, or a realization of the
distribution.
Sometimes, people refer to Xi as copies of the same random
variable X
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Random sample

Given a probability distribution, one want to create a sample of it
1 in real life: statistical sampling
2 using computer: simulation
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Simulate uniform distribution

the uniform distribution on (a,b) has density

f(x)=
{

1
b−a if x ∈ (a,b)

0 elsewhere

To generate the uniform distribution on (0,1), use the function
runif

b = runif(200)
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Simulate a biased coin

Assume that we want to simulate a Bernoulli random variable

p(x)=


0.6 if x = 0

0.4 if x = 1

0 otherwise

Step 1: generate u from the uniform distribution on (0,1)

Step 2: If u < 0.4, then set x = 1; otherwise set x = 0
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Simulate discrete random variables

Question: How to simulate samples from the following
distribution

p(x)=


0.2 if x = 3

0.3 if x = 5

0.5 if x = 7

0 otherwise
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Simulate continuous random variables

Question: How to simulate samples from the following
distribution

f(x)=
{

2e−2x if x > 0

0 otherwise

The distribution function of X is

F(x)=
{

1−e−2x if x > 0

0 otherwise

Step 1: generate u from the uniform distribution on (0,1)

Step 2: Solve equation F(x)= u

Set x as the solution

x =−1
2
ln(1−u)
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Why?

Theorem
Let X be a continuous random variable with probability distribution
function F. Then F(X) is a uniform random variable over (0,1).

Proof.

Let Y =F(X), then Y ∈ [0,1] and for all y ∈ (0,1)

FY (y)=P[Y ≤ y]=P[F(X)≤ y]=P[X ≤F−1(y)]=F(F−1(y))= y

thus

fY (y)=
{

1 if y ∈ (0,1)

0 otherwise

�
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